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PRKF.UK  Tl)  THK  FIRST  ED1T1(»N. 

This  little  book  is  not  to  bo  regarded  as  a  treatise  on  the 

Mathematical  Theory  of    Interest— that    theory  which   has 

l)ecn  so    ably    expounded    by  Mr.    King  in    The    Theory  of 

Finance  and  by  Mr.  Todhiinter  in  the  Text  Book  of  the  Insti- 

I  tulc  of  Aciuaries,  Part  I.     It   s  merely  an  explanation  of  the 

I  Interest  Tables  and  Tables  of  Bond  Values  now  in  common 

tuse,  and  an  attempt  to  instruct  students  concerning  them. 
While  an  elementary  knowledge  of  Algebra  is  a  powerful 
aid  to  the  intelligent  appreciation  and  use  of  such  tables,  and 
Algebra  has  not  been  excluded  from  the  following  pages,  yet 
it  is  believed  that  nearly  everything  contained  therein  may  be 
followed  by  anyone  who  will  take  the  trouble  to  learn  the 
meanings  of  the  standard  interest  symbols. 

Mainly  written  for  the  use  of  the  author's  own  clashes  in  the 

elementary  mathematics  of  finance,  it  is  hoped  that  the  book 

may  also  be  of  value,  not  only  to  actuarial  students  but  also 

I  to  that  increasing  number  of  men  who  are  finding  it  a  business 

j  necessity  to  thoroughly  understand  the  tables  referred  to 

i 

The  University, 

Toronto,  January,  1912. 


PREFACE  TO  THE  SECOND  EDITION. 

The  author  desires  to  thank  many  friends  for  valuable 
suggestions.  He  hopes  that  all  errors  have  been  corrected 
and  that  in  other  respects  also  the  book  has  been  rendered 
more  useful  especially  for  classroom  purposes. 

The  University, 

Toronto,  January,  1917. 
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INTEREST  AND  BOND  VALUES. 


CHAPTER   I. 
Interest  and  Discount. 

1.  We  are  all  aware  of  the  fact  that  men  and  corporations 
of  undoubted  ability  to  pay  may  generally  be  found  who  are 
willing  to  pay  more  than  a  dollar  at  some  future  date  in  re- 
turn for  a  dollar  today.  The  excess  payment  made  when  the 
borrowed  dollar  is  returned  is  called  interest.  We  are  all 
equally  aware  of  the  corresponding  fact  that  banks  and  similar 
institutions  will  give  something  less  than  a  dollar  today  for  a 
good  promise  to  pay  a  dollar  at  some  future  date.  The 
"something  less"  differs  from  the  dollar  by  what  is  called 
di^^unt. 

Intermit  is  quoted  at  so  much  per  cent,  per  annum,  is  cal- 
cuJated  on  the  sum  lent,  and  is  payable  at  the  end  of  the  year 
or  at  the  ends  of  si^ch  sub-divisions  of  the  year  as  may  be 
agreed  upon. 

Discomit  is  quoted,  at  so  much  per  cent,  per  annum,  is  cal- 
culated on  the  sum  to  be  paid  in  the  future,  but  is  itself 
always  payable  in  advance.  " 

These  are  facts  oP  common  knowledge.  Our  theory  of 
interest  is  based  on  these  facts  and  has  nothing  whatever  to  do 
with  the  speculations  f  the  Economist  who  searches  for  the 
reasons  for  these  facts.     --"^ 

2.  Interest  calculations  must  be  as  old  as  civilization. 
There  were  money  lenders  in  Thebes  and  Babylon.  Nowadays 
such  calculations  commonly  occur  all  over  the  world.  It  is 
therefore 
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not  surprising 


that 


wide  system  of  interest 
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symbols  should  have  been  developed.     The  elements  of  this 
notation  arc  as  follows: — 

i  is  the  inter f St  on  i  for  one  period  (say  a  year). 

1  at  interest  for  one  period  will  amount  to   1+j. 

1  at  interest  for  two  periods  will  amount  to  (l  +  i)'- 

1  at  interest  for  three  periods  will  amount  to  (l+i)'. 
&c.  &c.  &c.  &c. 

^1  at  interest  for  «  periods  will  amount  to  (l+i)" . 

Thus  if  the  rate  of  mterest  be  5%  per  annum,  i  -  .05 
or  .05  is  the  interest  on  1  for  one  year. 

1  at  interest  for  one  year  will  amount  to  1.05. 
1  at  interest  for  two  years  will  amount  to  (1.05)-  =  1.10250. 
1  at  interest  for  three  years  will  amount  to  (1.05)'  =  1.15763. 
1  at  interest  for  n  years  will  amount  to  (1.05)"  . 

Again, 

V  is  the  present  value  of  i  due  at  the  end  of  one  period. 
V-  is  the  present  \alue  of  1  due  at  the  end  of  two  periods, 
r'  is  the  present  value  of  1  due  at  the  end  of  three  periods. 
&c.  &c.  &c.  &c. 

f  v"  is  the  present  value  of  1  due  at  the  end  of  n  periods. 

3.  Since  1  is  the  present  value  of  l+i  due  at  the  end  of 
one  period,  and  v  is  the  present  value  of  1  due  at  the  enrtof 
one  period, 

therefore  1;  t;  ::  1+J  :  1,  or  r  (l+i)  =1. 

1 

-.  and  i-t-t  = 

y 

Thus  if  the  rate  of  interest  be  5%  per  annum 

1  1 

=  .95238,  so  that 


or  V  =  — -  and  1  + 1  = 
l+i 


V  =■ 


l+i 


1.05 


V  =.95238  is  th'?  present  value  of  1  due  one  year  hence. 
t''  =  . 90703  is  the  present  value  of  1  due  two  years  hence. 
I''  =  .803X4  is  the  present  value  of  1  due  three  years  hence. 
&c.  &c.  &c.  &c. 

1 
("Ton^  '^  ^^^  present  value  of  1  due  n  years  hence. 


f     = 


^ 
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l;  d  is  the  discount  on  i  due  one  period  hence,  and  ubviously 
d  must  =  1 — V-     So  we  liave 


/ 


d  =  1 


1- 


1 


\-\-i        1  +  t 


=  1 ; 


Sinre  ;•  at  interest  for  one  period  amoinits  to  1,  the  interest 
(>n  V  for  one  period  must  be  1- 1'  or  d:  in  short  i/  =</.  In  other 
words  the  present  value  of  the  interest  on  1  is  r/.  Therefore 
payments  of  (/  in  advance  each  period  are  efiuivalent  to 
payments  of  /  in  arrears  each  period. 

Again,    1  is  the  present  value  of  1  +  /  due  one  period  hence. 

V  is  the  present  value  of  1  due  one  period  hence. 
.".  l-i=(/  is  the  present  value  if  i  due  one  period  hence, 
or  1-r/  is  the  present  value  (;f  1  due  one  period  hence. 

.V  The  three  symbols  i,  d,  i\  arc  related  as  shewn  in  the 
following  schedule. 


1 
The         1 

Willie 

in 

terms  of 

v/ 

r 

.'  -    ^ 

« 

d 

V 

V 

- 

t 

1 

^  I 

;  ^  t. 

d 

1  -V 

1 

t 

1 

T-d 

V 

d 

I 

d 

\-v 

V 

1 

\-d 

i            t' 

i 

fi.  The  ordinary  interest  tables,  such  as  those  issued  by 
Colonel  Dakes  or  by  Mr.  Archer,  give  the  values  of  (I  +i)"  and 
t"  for  numerous  values  of  i  ranging  from  ^a  of  I'c  up  to  lO^ci 
and  for  values  of  n  ranging  from  1  period  up  to  200  periods. 


8  Interest  and  Bond  Values. 

Typical  extracts  might  be: — 

I        Amount  uf  1  at  interest  fur  n  periods. 

(l+i)" 


I'cor 
I  =.01 


2'i  or 
I  =  .02 


■■i'l  or 
I  =  .03 


4':  or 
i  =  .Ot 


5 

1  o.-^ioi 

1    lOlOS 

1   1.-j!»27 

1  210f..-. 

5 

10 

1    104(12  ! 

1  21Mty 

1  343<)2 

1  4^024 

10 

ir, 

1   1C>0<.)7  i 

1  345S7 

1  5:)797 

1  SU0!t4 

15 

20 

1  22019  i 

1  4.s.TOr,  ! 

1  SOU 11 

2   10112 

20 

and 


Present  value  of  1  due  n  jiiri' 


hence 


ITc  or 
t  =  .01 


2' ;,  or 

i  =  .02 


3't  or 
i  =  .03 


.95147  .00573  j       .80201 


4C;,or     ! 
i  =  .04 

82193      5 


10 


. 90529 


S2035 


74400  ;        .67550    10 


15 


.86135 


74301 


041SG 


20 


.81954 


67297 


55368 


55520    15 


.45639    20 


?;  Although  interest  is  always  quoted  at  so  much  per  cent, 
per  annum,  it  is  usually  payable  more  frequently  than  once  in 
each  year.  In  interest  calculaticns  when  interest  is  payable 
only  once  a  year  it  is  said  to  be  compounded  yearly,  or  com- 
pounded with  yearly  rests,  or  to  be  convertible  yearly;  but  if 
the  interest  is  payable  twice  or  four  times  a  year  it  is  said  to  be 
compounded  half  yearly  or  quarterly. 

H.  It  should  be  noted  that  many  tables  use  the  word 
"years"  in  place  of  the  word  "periods.  "  This  is  unfortunate 
since  interest  is  usually  compounded  more  frequently  than 
once  a  year,  and  the  word  "years"  must  be  understood  to 
mean  "half  years"  or  "quarters"  as  circumstances  demand. 
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These  tables  are  of  course  applicable  to  any  currency.  From 
the  extracts  given  above  we  see  that  at  4%  interest  compound- 
ed yearly  for  5  years, 

1000  dollars  will  amount  to  1,216.65  dollars,  or 

1000  pounds  will  amount  to  1,216.65  pounds,  or 

1000  francs  will  amount  to  1,216.65  francs. 

But  if  interest  be  compounded  half  yearly, 

then  $1000  will  amount  to  $1,218.99. 

While  if  interest  be  compounded  quarterly, 

the  SIOOO  will  amount  to  $1,220.19. 

Similarly,  a  good  promise  to  pay  $1000  fifteen  years  hence 
is  worth  $555.26  if  the  rate  of  interest  be  4%  compounded 
yearly. 

•.^Such  tables  not  only  shew  the  amount  to  which  $1.  will 
accumulate  in  anytime  at  any  rate  of  interest,  and  the  present 
value  of  a  SI.  due  at  any  time  in  the  future  at  any  rate  of  in- 
terest, but  will  also,  if  entered  inversely,  answer  questions 
similar  to  the  following. 

i.  In  what  time  will  $1.  amount  to  $1.75  at  3%  compounded 
half  yearly?  From  the  1>2%  table  we  see  the  answer  tc  be 
a  little  less  than  38  periods,  i.e.  19  years. 

ii.  At  what  rate  %  compounded  quarterly  will  $1.  amount  to 
$2.50  in  18  years?  From  the  values  opposite  72  periods  we 
find  the  periodic  rate  required  to  be  about  ls°2%  i.e.  5^%  per 
annum. 

IH.  Tn  obtain  a  value  of  I  l-f-i)"  or  of  t"  when  m  lies  beyond 
the  range  of  the  table  we  have  only  to  nuilti[)Iy  together  two 
or  more  vali  ■  that  are  given.  Suppose  for  example  that  we 
want  the  present  value  of  $1000  due  40  years  hence  at  4*^^  com- 
pounded quarterly.  It  will  he  $1000  f"«  at  I'TI.  H  our  tables 
do  not  go  beyond  100  periods,  we  have  i''*"  =  i'"^Xi''^,or  =  r"'"X 
t'*",  or  any  pair  of  suitable  factors.  Now  i'"**  s  .3097 1 ,  and  v^"  = 
.55045;  therefore  1"*"=. 20351  and  the  value  required  is 
$203.51. 

11.  .\ii  inspection  of  the  tiibles  of  il  +  Zi"  will  shew  the 
truth   (if   the  common    rule — To   tind   the    time   (number  of 
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periods)  in  which  money  will  double  itself  at  interest,  divide 
70  by  the  rate  [)er  cent,  jier  i)eriod. 

The  proof  of  this  rule  is  quite  simple  by  the  aid  of  Napier's 
logarithms. 


2  =  (1+0" 

.'.  log,  2  =  n  1( 

3B.-(1+' 

or  M  = 

I  — 
2 

.G').3 

+    ^' 
3 

-  &c. 


I 

very  nearly. 

The  rule  is  almost  exactly  true  for  rates  of  between  1^1  and 
S^c  per  period,  e.g.  for  4' c  compounded  half  yearly  or  quarter- 
ly or  for  Z%  compounded  half  yearly.  For  higher  periodic 
rates  the  results  of  the  rule  are  slightly  too  small,  but  even 
for  8*^0  per  period  the  error  is  only  one  quarter  of  a  period, 
or  3  months  if  this  rate  be  compounded  yearly. 


l?r  When  interest  is  compounded  more  frequently  than  once 
a  year  the  result  is  to  produce  an  "effective"  rate  in  excess  of 
the  "nominal"  or  quoted  rate.  For  example,  if  the  nominal 
rate  be  4'e  and  interest  be  compounded  half-yearly,  $1  will 
amount  to  $1.02  at  the  end  of  six  months  and  to  $(1.02)=  = 
$1.0404  at  the  end  of  the  year;  or  a  nominal  rate  of  ^%  com- 
pounded half  yearly  gives  an  effective  rate  of  4.04%.  Simi- 
larly, if  the  nominal  rate  be  4'o  compounded  quarterly  $1. 
will  amount  to  $(1.01)<  =  $1.0406  at  the  end  of  a  year;  or  a 
nominal  rate  of  i%  compounded  quarterly  gives  an  effective 
rate  of  4.06*^.  In  general,  a  nominal  rate  of  j  per  annum 
compounded  m  times  a  year  gives  an  effective  rate  of  t 
where 


K 


1  -f  ■')"'=  i+»'- 


When  m  becomes  infinitely  large  the  nominal  rate  is  called 
the  "force  ot  interest"  and  is  written  5.     In  this  case 


a  +  /; 
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=  cJ  or  e°  wlitn  «;  is  infinitely  large 

or  0=  log  ( 1  +  !) 


=  1 \-  cic. 

2        8 


The  following  taljle  illustrates  the  cfTect   of   frequency  of 
compound  ing. 


Nominal 


I.ffectivc  rate  when  cunipfjumlfd. 


liailv 


Rate  ct:; 

Jntcrust    l!.iIf-y<MrI\     ([uartorly       niontlily 


;i't  i  .'i  (W.'.Vf  ,  :i  o:i3:)':     3  04iG'c  '  3  oioi'f 


3'J'I    •  3  h:'AW:\   ■  3  54tVJ'c   :  3  5.jl)7'c   i  3  oO'JO';; 


4%    i  4.040O'/c   I  4  ()(10K;       1  071J';      4  OSll'' 


i,'j''i  .  \  oM'V[  :  4.o7o:)';     4  '><mo<;     4  (i()2s';; 


.")  oivj:.' ;  I  5,0!M.v; 


IKiJ 


5   1271'; 


Thus,  if  the  rate  be  3Tc  pcr  annum,  and  the  sum  at  interest 
be  SIO.OUO.OO, 

Compounding  yearly  the  interest  will  be  J.'JOO.OO  a  year. 
Compounding  half  yearly  the  interest  will  be  S;i02.25  a  year, 
Compounding  (piarterly  the  interest  will  be  5;i();5.;]9  a  year, 
Compounding  monthly  the  interest  will  he  5:U)4.1G  a  year. 
Compounding  daily  the  interest  will  be  >;?04..>1  a  year. 
Or.  the  maximum  advantage  which  can  be  gained  by  fre- 
quent compounding  is  only  $4.54  a  year  on  a  sum  of  S10,0()0.()() 
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at  y/c  and  practically  lialf  this  advantage  is  gained  by  com- 
pounding' twice  a  je.ir,  while  onl>  another  quarter  of  it  is 
secured  by  compounding  four  fmes  a  year.  These  propor- 
tionj'  apply,  as  may  be  seen,  to  all  ordinary  rates  of  interest. 

13.  Tliere  is  no  difference  in  essence  Ijctween  capital  and  in- 
terest. Each  is  money.  Just  as  capital  may  be  the  interest 
accumulations  of  the  past,  so  interest  paid  to-day  and  in- 
vested to-morrow  will  become  nominally  capital.  Invested 
capital  grows  by  the  operation  of  interest  and  the  rate  of 
growth  is  called  the  rate  of  interest.  A  rate  of  growth  is 
usually  quoted  at  so  much  ])er  jjcriod,  as  for  example,  so  much 
per  annum;  but  growth  is  a  continuous  proces — not  proceed- 
ing by  isolated  jumps.  To  illustrate — when  we  speak  of  a 
population  increasing  at  a  uniform  rate  of  S.Co'^  per  annum, 
we  do  not  mean  that  for  each  1,000,000  at  the  beginning  of  the 
year  30,500  people  were  suddenly  added  at  the  end  of  the  year; 
nor  do  we  mean  that  100  persons  were  added  per  day',  for  that 
would  imply  that  1,000,000  people  were  increased  by  100 
during  the  first  day  of  the  year,  and  that  1,030,400  people 
were  only  increased  by  100  during  the  last  day  of  the  year, 
which  would  not  be  a  uniform  rate  of  increase.  What  we  do 
mean  is  that  the  population  was  increasing  uniformly,  that 
the  increase  was  something  less  than  100  per  day  during  the 
first  days  of  the  year  and  something  more  than  100  per  day 
during  the  last  days  of  the  year,  but  that  30,500  people  were 
added  during  the  whole  year.  The  rough  assumption  of  100 
per  million  per  day  is  nearly  true,  but  obiously  it  is  not 
exactly  true.  Such  uniform  daily  increase — 100  per  million 
per  day — would  result  in  an  increase  of  about  37,170  per 
million  per  inr-uni  or  nearly  3.72%. 


Simple  Interest. 

1-1.    If  the  rate  of  interest  be  i  per  unit  per  annum,  1  will 
amount  to  1-f  i  at  the  end  of  a  year.     Therefore  1  should 

\  m 

amount  to  (l-fj)"  at  the  end  of  ";;  of  a  year,  or  to  (l  +  Jj"   at 
the  end  of  -;7  of  a  year.      Therefore  the  interest   on    1  for  n 
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of  a  year  i?  (1  +  j)"  —  1,  or  upon  SI.  for  71  days  at  5%  per 
annum  the  true  interest  would  be  S{  ( l.Oo)''^' —  1). } 

In  order  to  avoid  difificult'cs  of  calculation  it  is  assumed  in 
practice  that  ;iJ  j  of  a  year's  interest  will  accrue  each  day,  or 
that  if  the  rate  be  3. 65*^"^  per  annum  and  the  sum  be  $1,000,000 
the  interest  will  be  $100  per  day.  The  result  of  this  assump- 
tion is  called  "simple  interest."  It  is  of  course  equivalent  to 
compounding  at  the  date  of  the  calculation  and  introduces  the 
gain  due  to  such  compounding.  To  show  the  amount  of  the 
error  introduced  by  the  assumption  of  simple  interest,  let  us 
say  that  the  rate  is  S^t  per  annum  compounded  half-yearly, 
and  that  the  sum  at  interest  is  $1,000,000,  for  73  days. 

The  simple  interest  is $6,000.00 


The  true  interest  is  SI, 000.000 ((1.015)^-1 


( 


/ 


5,973.21 


An  error  in  excess  of. 


$26.79 


Simple  interest  always  produces  an  error  in  excess,  that  is  A 
to  say,  simple  interest  always  exceeds  true  interest.  This  * 
error  is  a  ma.ximum  when  the  number  of  days  for  which  simple 
interest  is  calculated  is  about  half  the  period  of  compounding, 
and  the  error  is  least  when  the  number  of  days  for  which  it  is 
calculated  is  either  very  small  or  very  nearly  equal  to  the 
period  of  compounding. 

Algebraically,  if  i  be  the  periodic  rate,  the  true  interest  on  1 


for 


of  a  period  is  (l-fj)  «  —  1  =  —  —   ^- —  f   1    \  ^ 

n  2      \  M   / 


Oi-1)  f2>;-l) 
3 


&  "-' 


-l)t2«-l)(_3«- 


"(^)- 


&c. 


This  is  a  rapidly  converging  series  for  all  ordinary  values  of 
1,  and  the  assumption  of  simple  interest  that  its  value  may  be 
represented  by  its  first  term  does  not  introduce  a  serious  error 
unless  the  amount  at  interest  be  very  large. 
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Most  of  the  prevalent  confusion  regarding  simple  interest 
arises  from  the  Arithmetics,  wherein  it  is  usually  assumed  that 
•  simple  interest  is  based  on  one  theor>'  and  c(Miipound  interest 
on  another.  Problems  are  e\  en  set  in  which  the  assumption  is 
,  made  that  money  paid  as  interest  can  earn  no  interest  itself. 
This  absurdity  comes  from  the  attempt  to  carry  the  idea  of 
simjiie  interest  past  a  period  of  compounding,  quite  ignoring 
the  fact  that  simple  interest  is  only  a  ready  approximation 
to  true  interest  for  a  period  less  than  a  period  of  compounding. 
As  an  approximation  for  a  broken  period  it  is  excellent,  readily 
calculated  and  very  nearly  accurate.  To  carry  the  method 
bc\ond  a  period  of  compounding  is  to  misunderstand  it 


Discount. 

15.   It  is  usually  said  that  discount  is  interest  paid  in  ad- 
vance: that  is  (juite  true,  but  it  is  not  the  whole  truth.     When 
a  banker  (|uotes  a  rate  of  discount  he  is  (juoting  a  rate  at  which 
he  will  sell  money,  that  is  to  say,  at  which  he  will  sell  the  im- 
mediate  right  to  draw  cheques.     His  rate  of  discount  is  so 
much  per  cent,  per  annum  and  is  calculated  on  the  sum  guar- 
anteed by  his  customer  to  be  paid  in  the  future,  but  the  dis- 
count itself  is  always  payable  in  advance.     Also,  the  rate  of 
discount  charged  by  the  banker  is  not  the  rate  of  interest  paid 
by  his  customer.     The  Banker  who  discounts  a  three  months 
bill  for  SIOOO.OO  at  ^^'"^,  will  credit  his  customer  with  $985.00. 
That  is  to  sa>'  the  customer  borrow--^  $985.00  and  guarantees 
the  bank  $1000.00  in  pa\ment  at  the  end  of  three  months. 
This  represents  an  interest  rate  of  over  6.09'^  f.      It  should  be 
noted  that  the  banker  did  not  cjuote  an  interest  rate  of  (i%  but 
a  discount  rate  of  0'^-     If  now,  the  same  customer  wished  to 
deposit  money   in   the   same  bank,    the   bank   would   quote 
him   a  rate  of   interest,  jirobably  3'  i . 
t       Mo-t  banks  cjuote     both    rates,    i.e.    a  discount    rate    (d) 
f  at    which    the\'   will    turn   a  right    to    future   money  into  a 
I    right   to  a  smaller  amount    of    present    cash,  and  also  an 
I     interest  rate   (/)   at   which   they  will    accept  casli  and  give  a 
I     right    to    a    larger   amount    of    mone>-   in    the    future.     The 
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Bank  of  England  quotes  a  d— a  discount  rate— but  gives  no 
interest  on  deposits  i.e.  does  not  quote  an  i  at  all.  Owing  to  a 
failure  to  appreciate  the  fact  that  the  Bank  was  quoting  a  dis- 
count rate  id)  and  not  an  interest  rate  (i),  our  school  arithme- 
tics contain  a  curious  distinction  between  "  Banker's  discount " 
and  "true  discount."  On  the  false  supposition  that  the  Bank 
was  quoting  an  i,  the  schoolmaster  truly  calculated  that  the 

-and  accused  the  bank  of  charging 


discount  rate  should  be 


1  +  ; 


more  than  it  was  entitled  to.  Thus,  say  the  bank  discount 
rate  was  4%  i.e.  <i  =  .04,  the  schoolmaster  assumed  wrongly 
that  the  4%  was  an  interest  rate,  i.e.,  i  =  .04,  and  on  this 
false  assumption  correctly  deduced  that  d  should  be  equal  to 

J—  =  — ^  =  .038402.    It  will  be  remembered  that  the  Bank 

l-Hi         1.04 

of  England  was  originally  a  Whig  institution  and  as  such  was 
opposed  by  the  Church — then,  even  more  than  now,  strongly 
Tory.  The  Schoolmasters  of  the  eighteenth  century  were 
usually  clergymen  and  were  the  authors  of  the  prototypes  of 
our  modern  school  text  books.  In  sympathy  with  their  party 
these  clerical  authors  made  disparaging  comments  on  the  Bank, 
and,  jumping  to  the  conclusion  that  the  bank  rate  was  an  in- 
terest rate,  they  invented  the  distinction  between  true  dis- 
count and  banker's  discount  to  shew  how  the  Bank  was  over- 
charging its  cusiuniers.  This  prejudice  has  long  since  passed 
away,  and  modern  arithmetic;  are  wr-tten  or  edited  by  men 
who  are  often  neither  Tories  nor  members  of  the  Church  of 
England,  yet  the  old  misconception  has  been  copied  and  re- 
copied — a  wonderful  example  of  the  persistence  (jf  furnial 
error. 

Just  as  Simple  Interest  gave  a  ready  approximation  to  true 
interest  for  a  broken  period,  so  with  discount  calculations  the 
same  approximation  is  used.     If  the  rate  of  discount  be  d  per 

period,  the  discount  on   1  for    -  of  a  period  is  practically  taken 


as  equal  to 


The  true  discount  of  course  would  be 
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(n-l)f2n-l)(3M-l) 


hi;-})  (2k-1) 
3 


(1-y 


e) 


+. 


This  is  a  rapidly  converging  scries  and  may,  without  serious 
loss  of  accuracy,  be  represented  by  its  first  term  unless  the 
amount  at  discount  be  large.  The  error  is  always  an  error  in 
defect,  i.e.  simple  discount  is  always  less  than  true  discount. 
The  error  is,  like  that  of  simple  interest,  a  maximum  when  the 
number  of  days  for  which  discount  is  calculated  is  half 
the  period  for  which  the  rate  is  rjuoted.  To  illustrate  the 
amount  of  the  error  let  us  say  that  the  discount  rate  is  5%  per 
annum  and  that  the  sum  subject  to  this  rate  is  ?1, 000,000,  due 
73  days  hence. 

True  discount  is  $1,000,000  (l-(.95)^|  = $10,206.22 

Simple  discount  is 10,000 .  00 


An  error  in  defect  of $206 .  22 

Bankers  may  be,  doubtless  are,  guilty  of  many  sins  from 
their  customers'  point  of  view;  but  so  far  as  the  rates  of  in- 
terest and  discount  are  concerned,  the  banker  gives  too  much 
interest  and  charges  too  little  discount  on  every  transaction 
co^  c  f  ing  a  period  less  than  that  for  which  his  rates  are  quoted. 
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CHAPTER   II. 

Periodical  Payments. 

1.   Ill  tlif  prf\  ious  chaptL-r  refiTuncL'  was  made  to  well  known 
interest  tables   in  which   are  published   the  values  of  such 
interest  functions  as  (1  +  0"  and  v"  for  various  values  of  i  and 
n.     The  tables  also  usually  co.itain  two  other  interest  func- 
tions applicable  to  periodical  payments.     These  are 
j;-  =   the  accumulated  value  of  a  series  of  M  past  payments  of 
1  each,  made  on  the  dates  at  whch  interest  was  com- 
pounded, the  last  payment  having  just  been  made. 
a;^  =  the  present  value  of  a  series  of  n  future   payments  of 
1  each,  to  be  made  on  the  dates  at  which  interest  will 
be  compounded,   the  first  payment  to  be  made  one 
interest  period  hence. 
These  are  commonly  referred  to  as 
57   =   the  amount  of  1  per  period. 
a-;^  =   the  present  value  of  1  per  period. 

But  the  assumptions  of  the  above  definitions  must  be  under- 
stood in  detail. 

2.  To  express  s^i  in  terms  of  i  and  n : — 

The  payment  just  made  is  of  course  worth  1. 

The  payment  made  a  period  ago  is  now  worth  (1+i). 

The  payment  made  two  periods  ago  is  now  worth  (1+i)'. 

&c.  &c.  &c.  &c 

The  first  payment  made  (n-1)  periods  ago  is  now  worth 

or  5S|  =  l+(l  +  0  +  (l+i)'+ +(l  +  «)' 

i 

Or  (l+i)"-l  =  i5;il- 
This  is  a  statement,  the  truth  of  which  may  be  easily  seen 
without  algebra. 


\«-i 


,  the  sum  of  the  geometric  series. 
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If  A  lent  1  to  B  «  periods  ai^o  at  rate  i  per  period  and  B  has 
made  no  periodical  payments  of  interest,  then  B  owes  A  (l+ij- 
today.  Had  B  however  paid  i  at  the  end  of  each  period  mak- 
mf,'  nis  last  pajnunt  today,  he  would  owe  A  only  the  oripnal 
1,  the  capital  of  the  loan.  The  difTerencc  (1+i)'  -  1  must  he 
the  accumulated  value  of  the  interest  payments  of  ,"  each 
period,  i.e.  i  ■,-. 

Or(l+0"-l=,-5„- 
Refercnce  to  the  tables  will  show  that  the  first  value  of  5- 
..e    .r^   for  any  rate  of  interest  is  1.       The  second  value  will' 
be  l  +  (H-i)  or  at  2%,  1  +  1.02  =  2.02. 
at  5^c,  1  +  1.0,5  =  2.05. 
Obviously  the  table  of  5^  may  be  constructed  fro. a  the  table 
of  (l+i)"  by  continuous  addition. 

Also  since  i;^=  '?±ii^^ 


(1+f,  ^_  n  +  o"^'-]-/ 


and  the  table  may  be  constructed  by  conti 
tion. 


nuous  multiplica- 


It  must  be  noted  that  the  table  is  based  on  the  assumption 
that  the  periodicity  of  the  payments  coincides  with  that  of  the 
compounding  of  the  interest  For  example,  if  the  interest  rate 
be  4  ,c  compounded  half  yearly,  then  payments  of  $100  at  the 
end  of  each  quarter  must  i)e  regarded  as  payments  of  $201  at 
the  end  of  each  half  year;  while  payments  of  $100  at  the  end 
of  each  year  must  be  regarded  as  payments  of  $49,505  at  the 
end  of  each  halt  year.     Since  11)..505  +  49.505X  1.02=  100. 

A  payment  of  1  at  the  vnd  of  each  year  is  equivalent  at  a 
rate  of  v  per  year,  to  a  payment  of  .v  at  the  end  of  each  half 
year  where  .r+.v  ( 1  +  4 )  =  1 . 

-A_.i.^i_..  .1.,,  Mustrate  tiie  uses  01  the  labie  of  5-r. 
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(i;  The  value  of  10  payments  of  510()  each,  made  annually 
during  the  past  10  years,  the  last  payment  having  just  been 
made,  is,  at  V^c  compounded  yearly 

S100  5i7^al4>rt=S1200.61.  "^ 

(iii  The  value  of  10  annual  payments  of  5100  each,  the  la-t 
payment  hav  ng  been  made  5  years  ago  is,  at  5%  compounded 
yearly, 

$100  (sf3;-5^)  at  5^1  =$1005.29.  r^ 

Or  SlOO  5To,  X  (1  +i)'  at  S^c  =  $1605.29. 

liii)  The  value  of  20  semi-annual  payments  of  5100  each,  the 
la^t  payment  having  just  been  made,  is,  at  3%  compounded 
half  yearly, 

$100  5o^,  at  l>^^c  =52312.37.  ■  ' 

ivj  The  value  of  20  quarterly  payments  of  5100  each,  the 
last  payment  having  just  been  made,  is,  at  4'X  compounded 
yearly,  assuming  simple  interest  for  the  broken  periods, 
$(103  +  102  +  101  +  100)  sj,;  at  4%. 
=  5406  i- at  4':c  =$2199.03. 
The  error  introduced  by  the  assumption  of  simple  interest 
for  the  broken  periods  is  only  27  cents,  the  true  value  being 
52198.76. 


,  +  (l  +  i)* 


J 


f  *  * 

The  true  value  is  $100    (1+ (I +i)    +(l  +  i)  + 

CI  4.,-')6_  1 
=  $100  *v:*li'-i  =  $2198.70. 
(l+i)'-l 

(1  +  i)*  may  be  obtained  either  by  logarithms  or  by  expansion 
by  the  binomial  theorem. 

(V)  To  find  tile  value  of  20  yearly  payments  of  5100  each, 
the  last  payment  having  just  been  made,  at  3,'i'  c  compounded 
half  yearly. 

Tlie  ((iui\aknt  half  yearly  payment  at  this  rate  of  interest 
i^  found  to  be  549. .'jOO,  so  that  the  value  retiuired  is 
549..'i(H')  Sir,"  at  ]^i^'(  =52,836.87.  Or,  without  using  etjuiva- 
ie.it  h.iif  \caii>  p.i\  iiieii  t:'.  liie  vaiuc  rcqiiircci  ks 


20 


Interest  and  Bond  Values. 


=  $100{l  +  (l+i)  +(l+0'+(l+t')V.+(l+i)"}  at  Vi^c 


=  S100 


7TX"r~  1    =  ^^^^  ^^   ^'-^'C  =  $2836.87. 


The  table  of  $„•  may  also  be  used  inversely  to  answer  ques- 
tions similar  to  the  following. 

(U  At  what  rate  must  annual  deposits  of  SI  each  have  been 
accumulated  to  amount  t(j  $20  in  15  years,  the  interest  having 
been  compounded  yearly  and  the  last  deposit  having  just  been 
made?  A  reference  tf)  the  values  of  511'  will  shew  that  the 
rate  required  is  a  trifle  under  \%. 

(ii)  In  how  many  years  at  3' ,'  compounded  half  yearly  will 
deposits  of  $1  each  six  months,  amount  to  5100.^  k  reference 
to  the  \}2'''c  values  of  .v„- wiil  shew  tha;  5^  =  98.00  and  5^, 
=  101.14.  This  means  that  immefiiately  after  the  Gist  de* 
posit  the  amount  will  be  508.00  and  six  months' interest  on 
this  will  bring  it  up  to  5100.14.  The  required  time  is  there- 
fore 31  years,  entailing  01  deposits  in  all. 

:i  To  e.\i)ress  d-,  in  terms  of  /  and  ;;. 

The  present  value  of  the  first  payment  is  v. 

The  present  value  of  the  second  payment  is  v^. 

&c.  &c.  &c.  &c. 

The  present  vdue  of  the  last  payment  is  v". 

C)rn;^  =  r+t''+i''+ -f  r". 

l-i'" 
r'^  the  sum  of  the  geometric  ser  cs. 

Or  l=tasi+f". 

This  is  a  statement  the  truth  of  which  may  be  easily  seen 
without  algebra. 

If  A  lends  R  1  today  at  rate  i  jier  period  for  v.  periods.  B  will 
make  periodical  payments  of  i  and  then  a  single  payment  of  1 
being  the  return  of  the  capital. 

The  present  value  of  the  [Periodical  payments  of  i  is  ia:^. 

The  luesent  value  of  the  rejiayment  of  the  1  is  r". 

The  sum  of  these  must  equal  the  1  that  A  lent  B, 
ur  1  =  !a.;-f  I'". 


JM:I^wl^^ 
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If  n  be  infinite,  that  is  to  say  if  the  loan  is  to  last  forever,  there 
will  be  no  repayment  of  the  capital  and 


1=10.^ 


or  floe 


so  that  the  value  of  a  perpetuity  of  1  is  — . 

t 

Since  a^  =  i'+t'-+r'+ 4-t'". 

ari=i'.     a7;  =  i'-Hi'",  and  so  on, 

the  a;^,   table  may  obviously  be  constructed   from    the  r" 
table  by  continuous  additon. 
1  — -" 
i 


Also  since  «ji  = 


(1+0    Inl 


l  +  a„— Tl 


and  the  table  may  be  constructed  by  continuous  multipli- 
cation. 

In  using  the  a^  table  it  should  be  noted  that,  just  as  with 
the  5^  table,  the  periodicity  of  the  payments  must  coincide 
with  that  of  the  compounding  of  the  interest.  Ii  the  payments 
for  which  we  need  the  table  in  any  case  do  not  so  coincide  we 
must  use  equivalent  payments  that  do  coincide.  See  the  table 
on  page  32 

A  few  examples  will  illustrate  the  use  of  the  table  of  ai\. 

(i)  The  value  of  10  annual  payments  of  $100  each  to  be 
made  during  the  ne.\t  ton  years,  the  first  payment  to  be  made 
one  year  from  now,  is,  at  i'[  interest  compounded  yearly, 

$100  flfsjat  4%  =  S811.09. 

(ii)  The  value  of  10  annual  payments  of  51(K)  each,  the  first 
payment  to  be  madeSycars'  cnce,is,at5<^c  interest  compound- 
ed yearly,  l 

$100  (au|  -ajil  at  5%  =  $635.27. 
ijr  ?iuu  afui  A  V-  at  o-,  (,  =?ooj.-<  . 


-A^S.^ 
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(iiij  The  value  of  20  semi-annual  payments  of  SlOO  each, 
tlie  first  payment  to  be  made  six  months  hei.  e,  iri,  at  :V^ 
comijounclefl  half  yearly, 

$100  a^,  at  IK-ro  =$1710.86. 

(iv)  The  value  ol  20  quarterly  payments  of  SIOO  each,  the 
first  payment  to  be  made  three  months  hence,  is,  at  4%  com- 
pounded yearly,  assuming  simple  interest  for  the  broken 
periods, 

$(103  +  102  +  101  +  100)  a,-  at  4% 
=  $406  as,  at  4%  =  $1807.44. 
The  error  introduced  by  the  assumption  of  simple  interest 
for  tlie  broken  periods  is  only  22  cents,  the  true  value  being 
$1>   -  -^ 

=  >100   ,,.,_-  at  V;  =  $1807.22. 

(I+/i'may  be  obtained  either  by  logarithms  or  by  expan- 
sion by  till'  binomial  iheoreni. 

(V)  To  lin.l  the  value  of  20  \  ,■  .rly  [)ayments  of  SlOO  each, 
the  first  payment  to  ijc  madj  one  year  hence,  at  .'};'j%  com- 
pounded half  yearly. 

We  must  first  (in<l  \vh  it  h  ill  y>Mrly  p  lym.'nt  at  'his  rate  ()f 
interest  is  equiviient  to  SIO,)  a  year.  It  is  found  to  be 
541). ")()(),  so  that  the  valu.'  required  is 

$l().5G6fl4-;^atl'4^',"o=Sin7..3l. 
Or,  without  using  the  e quivaiesit  half  ye  irly  payments, 
the  value  required  is  SlOi)  (c'-+  t'<+-/'+.  .  .  .  +y"J)  at  \U% 


The  true  value  is  $100 


(1       -J        1 


. +t 


1  —  I'*" 
=  S100  -i     --  - 

(i+O'^-l 


$100"*^  at  l-To  =  $1417.31. 
^7 


The  fables  of  a;;;;  may  also  be  used  inversely  to  answer  such 
questions  as  the  following: — 

(i)   At  what  rate  of  interest  coinpotmded   half   vearly    will 
;:-•>'■  iif  iiii:  \.iUic  in  L.>  luluic  iiaii  ytMri\'  paxriH-nts  oi  ;^i  each, 
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till'  first  payment  to  be  m.ule  six  months  hence?  A  reference  to 
the  values  of  a;^  opposite  25  periods  shews  that  the  rate  is 
nearly  double  l!«Vt  or  nearly  3'i%  per  annum— more  ac- 
curately Sa-J't  per  annum. 

(ii)  For  h;)\v  many  years  will  a  cash  payment  of  S20  produce 
an  annuity  of  Si  a  year  at  4*^0  the  annuity  to  be  payable  at 
the  end  of  each  year  and  interest  to  be  compounded  yearly? 
A  reference  to  the  i'/c  values  of  a^a  will  shew  that  the  answer 
is  41  years. 

4.  We  can  always  find  values  for  5;j^  and   a^,  when   ti  lies 
(lUl^ide  the  range  of  the  tables  we  are  using,  by  means  of  the 

i'ornuil.ie. 

For  example,  if  our  tables  run  to  only  oO  periods 

0871=0501+1'*°  0371- 

The   truth  of  such    statements  should   be   quite   ob\  ious. 

,">.  The  recijirocals  of  the  functions  5;^  and  o^^  are  also  fre- 
quently tabulated  and  may  be  defined  as  follows:— 

—  =5^=The  sinking  fund  pavmcnt  to  be  made  at  the  end 

of  each  interest  period  in  the  future  for  n  periods  in  order 
to  accumulate  to  1  n  periods  hence;  the  first  sinking  fund 
paynicnt  to  be  made  one  interest  period  from  now  and 
the  last  one  n  pi?riods  hence. 

_  =  a--|  =  The  future  periodical  payment  to  run  for  n  i)eriods 

that  can  be  purchased  by  the  payment  of  1  now,  the  first 
of  the  periodical  payments  to  come  in  at  the  end  of  one 
interest  period  from  now. 

These  arc  commonly  referred  to  as 

5^'  =  Sinking  fund  required  to  produce  1. 

i;„,    ~  I  C'i  iuuit^a:  j-vi^  HiT.  nt  rr  hR  ii   ?   j -  - 


24 


Interest  and  Bond  Values. 


But  the  assumptionsof  the  above  definitions  must  he  under- 
stood  in   detail. 


Algebraically = 


1 


i  (l+i) 


and  —    = 

s^,  (1+/) 

1 


(l+t)"-l 

7 


i  (1 +;•)"- y 
(!+/>"-  1 


or  a^'  — i-'  =  i. 


This  is  a  statement  the  truth  of  which  may  he  seen  without 
algebra.  If  A  lends  1  to  B  now,  B  can  repay  principal  and 
interest  by  n  periodical  payments  of  a^'  each.  Therefore 
a^  must  c()nM>t  of,  tirst,  the  interest  /  on  the  I  lent  and, 
second,  the  sinking  fund  i-^  nee<ied  to  re[)i,ice  the  1  at  tlie  end 
of  the  )i  periods,  i.e.  a^'  =  i+i-\  or  a„-'-v^'  =  i. 

Therefore  it  is  not  necessary  to  tabulate  both  a~  and  s-^ . 
Many  tables  contain  only  a~  from  which  any  value  of 
s--^  can  be  found  by  inspection. 

E.g.  at  3>^^;,    a^[  =  .07036108, 
i  =  .035. 
.-.  5;-'=  .03536108. 

A  few  examples  will  illustrate  the  uses  of  these  tables. 

(i)  In  order  to  produce  a  fund  <.f  SIO.OOO  at  the  vm\  of  10 
years  by  semi-annual  sinking  fund  payments  which  will  ac- 
cumulate at   39c  compounded   half-yearly,   there  should  be 
deposited  at  the  end  of  each  half  year  into  this  sinking  fund 
$10,000  5^' at  132%  =  5432.46. 

If  deposits  are  to  be  made  at  the  beginning  of  each  half  year 
$432.40-7-1.015  =  5426.07  will  suffice.  Or,  directly  from  the 
tables,  we  have 

$10,000  (5jr,-l)-'  =  ^^^  =  $426.07. 
2-3.4705 
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(iij  All  iiiVLstmeiit  of  SIO.OOU  now  will  purchase  semi- 
amuial  payments  beginniiiv;  >i\  months  hence  anil  running  for 
thirty  years,  on  an  interest  basis  of  -l'^  compounded  half 
yearly,  amounting  to  $10,000  a-'  at  2':t  =S287.G8  each. 

If  the  annuity  is  to  be  payable  half  yearly  in  advance  the 
semi-annual  payments  will  be  only 

$287.68 H- 1 .02  =  S282.04  each. 
Or,  directly  from  the  tables,  we  have 


$10,000(1 +03^ 


, -1 


$10,0M_  ^  ^,282.04. 


35.4561 

The  same  remarks  regarding  periodicity  of  payment  and 
compounding  apply  of  course  to  the  tables  of  s— ,  and  a—,  as 
a[)ply  to  those  of  iTTi  ^nd  a^j. 


!' 


Cr.  'To  find  the  accumulated  value  of  1  pi'r  annum  paid 
p  times  a  year  for  the  past  n  years,  the  last  payment  having 
jubt  been  made,  at  a  nominal  rate  of  j  per  annum  compounded 
q  times  a  year. 

This  is  eiiuivalent  to  finding  the  accumulated  value  of  np 

periodical  pavments  of       each,  the  last  pavment  having  just 

p 

been  made,  at  a  periodic  rate  of  -  where 

P 


(-iy=(-:)' 


Therefore  the  accumulated  value  required  is  :  ^n*.  at  rate    , 


p 
p 


1 
p 


Similarly  to  find  the  pre>ent  value  of  1  per  annum  to  be  jjaid 
/>  times  a  year  for  the  next  ?;  years,  'he  first  payment  tol)e  made 


iif  a  vear  from  now,  at  a  nominal  rate  of  j  per  annum  com- 
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fH)Un(lc<l  g  times  a  year  is  "ciiiivaknt  to  finding  the  present 

value  of  7ip  periodical  payments  of       each,  the   first  payment 

111-  ^' 

t(j  l)e  made  one  period  from  now,  at  a  periodic  rate  of  - 


--(-9'=0+i)' 


Therefore  the  present  vakie  retiuired  is  -  a;^  at  rate   '- 

P  P 


I 

p 


p         h 

P  N  q 

?:  If  the  peri'idic.il  payments  , ire  increa-^inj;  or  (iecreasiiij^  hv 
a  fixed  amount  each  pieriod,  that  is  to  say,  if  the  amounts  of 
these  payments  form  an  arithmetical  series,  we  can  find  either 
the  accumulated  value  of  such  payments  in  the  past  or  the 
discounted  value  of  such  payments  to  i)e  made  in  the  future. 
Suppose  that  we  arc  dealing  with  i)ast  payments  and  that 
X  was  deposited  w-1  interest  periods  ago, 

x-\-y  was  deposited    w  2  interest  periods  ago, 
x^-2y  was  deposited  «--.3  interest  periods  ago, 

&c.  iScc.  &c.  &c 

x-\-{n~2)y  was  deposited  I  interest  period  ago, 
and  x  +  {n-\)y  was  deposited  today. 

The  accumulated  value  of  these  deposits  now  is 
F=.v  (1  +  0""'+  (.v+>')  (1  +  /)"  "H  .  .  .  . 

....  +(.v  +  ;7-  2.y)    (1+/)  +  (a:  +  «  -  l.v). 

(l-fr)F=.v  (l+0''  +  (A-  +  y)  (l+/)«-'+  .... 

•  •  +  (x  +  w  -'2.y)    (l+j)  =  +  (.r  +  ;7^1.y)  (l+O- 
.-.1  7=.v(l  +  0"+y((l+0''"'  +  (l+ir"'+  .... 

....  -f  (l+i)+  1)  -  x-ny. 
=  .v{il +/)'•- l!-+y.(.v~i-„). 

or  r  =  .v5--  +  --'-  (571  -  m). 
t 

Now  sujiposc  that  we  arc  dealing  with  future  payments  and 

that  .V  will  i-o  received  1  interest  period  hence. 
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A-f  >'  will  be  received  2  interest  periods  hence, 
x  +  '2y  will  be  received  3  interest  periods  hence, 

&c.  &c.  &c.  &c. 

x  +  tT^  2  y  will  be  received  n  — 1  interest  periods  hence, 
x-\-n  —  \y  will  be  received  n  interest  periods  hence. 
The  present  value  of  these  future  payments  is 

V=xj  +  {x+y)v-Mx+2y)v'+ 

{x  +  n  -  2.>')i''"'+  U-;  ~n  -  1     v)i'". 

(1+0  V'  =  x+(.v+>')t'+  (x-  +  2y)i^+  .... 


.  .  .  .{x+n  -  2  .  y)v'"-+  (x  +  n  -  1  v)!'""' 
.-..■■  V  =  x  +  y(v+v'+i''+.  ..+r"-'+f")-(.v  +  H>'}i'". 
=  x(l-v'')+y  aTi-'tyr". 

or  V'=  X  a^  4-   -'--  (a-;r]-wO- 
t 

8.  If  the  periodical  payments  form  a  geometrical  series  wo 
can  find  expressions  for  either  the  accumulated  value  of  such  a 
series  of  payments  made  in  the  past,  or  the  discounted  value  of 
such  to  be  made  in  the  future.  Suppose  that  we  are  dealing 
with  past  payments  and  that 

X  was  deposited  «—  1  interest  periods  ago, 
x>'  was  deposited  n  —2  interest  periods  ago, 
xy-  was  deposited  n  — 3  interest  periods  ago, 

&c.  &c.  &c. 

x>'""^  was  deposited  1  interest  period  ago, 
and  xy"'^  was  deposited  today. 

The  accumulated  value  of  these  deposits  now  is 


r=x(i+tr-'4-x>(i- 

(l+i)"-y" 


■  .r"'+-vy-(i +!•)"-■'+ , 


-fx/-'(l+i)+x/ 


=  X 


(1+i^-y 


M 


(1+1) 


n-l 


.  X 


'T\ 
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r^ 


where  -^Ti  is  to  be  taken  at  rate  ;'  such  that  1  +j  =         . 
'  l+i 

OrF=(l+i)"-'.  x.'J+«„--.|) 

where  ^„rii  is  to  be  taken  at  rate  j  such  that 

y 

These  alternatives  enable  one  to  avoid  a  negative  rate  of 
interest. 

If  we  are  dealing  with  future  payments  the  discounted  value 
of  such  a  series  is 

V  =  x.+xy V-  +xy- v'  +  .  .  .  .xy"''^  r"''+x>'''"'  v". 
1-y"  v" 
""  (i+i)-y' 

Or  F=  "     {xvv+xif'v'-Jrxi^f+ xv'-^  y'"^+ xv^"] 

y    ^  '  -' 

X       \ 


^  where  'J^  is  to  be  taken  at  rate  j  such  that 

y 

Or  F=  r{.v  +  A:3'r+.vrt;=+ .yi''"^/-2+ xd"''/"'}. 

^  where  ^^\  is  to  be  taken  at  rate  j  such  that 

1+1 

For  example,  the  present  value  of  a  series  of  50  annual 
payments  beginning  at  $100  one  year  hence  and  increasing 
by  2^f  per  annum  is,  at  5','c  compounded  yearly, 

either  $100  '-^^^'^''^  =^  ^i^^^^=  $2,550.95 
1.05-1.02  .03 

cr  5 —  "jTrat  2.94'c  — J'2,oou.9o 
1.02 
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I 


4 


or  $—55^1  at -2.86%  =  $2,550.95. 
1.05 

1>.  To  trace  the  growtl)  of  savings  deposits  intcncled  for 
investment  is  interesting  as  well  as  import. int. 

A  fund  is  to  be  built  up  as  follows — deposits  of  1  made  at 
the  end  of  each  period  are  to  be  accumulated  at  i  per  period 
for  n  periods.  The  accumulated  amount  is  then  to  be  in- 
vested in  securities  bearing,;  per  period,  {j  >  i).  During  the 
next  n  periods  the  interest  from  the  securities  is  to  be  dejiosited 
with  the  I  each  period  for  another  n  periods,  and  the  accumu- 
lated amount  again  invested  as  before.  This  process  is  to 
be  continued. 

After  n  periods  the  fund  will  amount  to  j^]  at  rate  i,  which 
we  will  write  as  plain  5^1- 

After  2n  periods  the  deposits  will  amount  to  (l+j  sr^\)  s-^^ 
and  the  whole  fund  to  s-;r\  +  {\+j  s-;r\)  ^• 

After  3n  periods  the  deposits  will  amount  to 

(1  +js-;ri+j(l  +jiin)s«l}  5-^7=  (1  +j  5-;^)' 57], 

and  the  whole  fund  to  r;r[+  (1+7  ^T})  ^7]+  (1  +  j  ST\)^  ^\- 
&c.  &c.  &c. 

This  schedule  inav  ilhistratc  the  matter. 


Periodical  <le|)osits 
at  rate  i. 

.Accimiulation 

of  the  n 

periodical  de|K)sits 

Funds  invested  at 
rate  j  by  the  end 
oi  the  n  periods. 

First  n    <     1 
I^eriods.  i 

s'iTl 

i7\ 

Si-riiiid  n        1  +j  57^ 
Feriocis. 

(1+>^I   i^\ 

iS]ii  +  l+jj;?ii 

Third  n        ll+j  .<;ril' 
Periods,  i 

'  1  +7  V  >'.^^ 

(1+7  ^;^i^} 

Therthi!        (1+7  V^'"' 
Periods.   ; 

(l+j  Sn,/-^  .^ 

(l  +  ;i;r'''-l 

2^^m 
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After  rn  periods  the  whole  fund  will  amount  to 

s^fl  +  (1  +;.vir)+(l  +j  svX-+ (1  +j  s^f 


1 1 


=   5 


._(i+jsj,y-i  ^   (i+js-)'-i 


where  (l+/ij"=l+j 


=         -s^i  where  ij^Tj  is  taken  at  rate  h. 
J 

So  that  the  fund  might  have  been  built  up  by  uniform  dt  ■ 

posits  of   —  to  increase  at  rate  //  without  anv  reinvesting 
J 

10.  Reference  has  already  been  made  to  the  freciuetil 
necessity  for  finding  the  half  yearly  payment  equivalent  to  a 
given  yearly  or  ((uarterly  |)aynient,  or  vice  versa. 

A  Table  of  equivalent  payments  at  difTerent  periods  is 
given  below  for  ready  reference.  The  method  of  obtaining 
the  values  may  be  illustrated,  at  5%  for  example,  as  follows: 

Quarterly  payments  of  $250  each  are  equ  valent  to  half 
yearly  payments  of  $250+$253.12o  =  5o03.125. 

Therefore  half  yearly  payments  of  $500  are  equivalent  to 

quarterly  payments  of       --— of  $250.  =$248,447. 

Or,  half  yearly  payments  of  $500  are  equivalent  to  quarterly 
payments  of  $500  5^  at  l.U'  7o  =5248.447. 

Quarterly  payments  of  $250  each  are  equivalent  to  yearly 
payments  of  $250  +$253.125  +  $25G.25  +  $259.375  =  $1018.75. 

Therefore    yearly    payments   of   $1000  are    equivalent    to 

quarterly  payments  of  -  -^--^  of  $2.50  =  $245,399,   allowing 

1018.75 

no  interest  on  interest  throughout  the  year. 
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Or,  yearly  payments  of  SlOdO  are  equivalent  to  quarterly 


payments  of  SIOOO  j-j-i   at    \'a\c 


S245.361    allowing      for 


interest  on  interest   throughout  the  year. 

Half  yearly  payments  of  SoOO  each  are  equivalent  to  yearly 
payments  of  5500.+S:)12. 50  =  $1012.50. 

Thert-fore  yiarl\  payments  of  $1000  are  equivalent  to  half- 

vearly  pavments   of  '    of  $500  =  $4'.)3.827. 

^   ^  ■  1012.50 

Or,    yearly    payments    of   SIOOO   are  equivalent    to    haif- 
ytarly  payments  of  $1000  ,?^  at  2 'jTc  =  $493,827. 
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CHAl'TKR    III. 
The  Stkaicht  Ti;km  Bond. 

1.  'IT, I-  >tr,iis,lu  ttini  or  (ordinary  coupon  IkmhI  is  a  inMiiii-v' 
Im  \)a\  a  (Itlaiitf  .~uin  i.ii  a  ('.iliiiiU'  future  daiL-.  am!  ha>  aitach- 
ii|  t(.  il  a  nuuiliir  oi  >(.'|)ar.itf  pi()inisr>  callt'd  inupoiis  t,,  p.iy 
imcrtst  in  tliu  nnantiiiK-  un  tiif  abciVL-  >um  at  a  .--piciiii-d  rate, 
'riii-.-i-  (•(iupiin>  arc  ir.i.mt  to  l)t--  cut  litY  and  i)rc.-t.'!iti.-d  lor  pay- 
nu  III  <.u  the  .-ur(\>si\i-  interest  dates  printed  U!)i.m  liieni.  The 
lir-t  eiaipon  to  !)e  cut  off  is  usually  dated  si.\  niontlis  altir  the 
i—ue  (late  of  the  bond  itself:  the  last  coupon  to  be  cut  off  bein^^ 
the  one  which  bears  the  due  date  of  tlie  bond.  These  bonds  are 
not  subscribed  for  at  a  t'lxed  price  like  stock,  nor  is  the  holder 
under  any  obligations  such  as  are  imposed  upon  the  stock 
suliscriber.  They  are  bought  as  ar  investment  to  yield  the 
purchaser  a  rate  of  interest  appropriate  to  the  circumstances 
of  the  bond-isitiing  cortxiration  anil   i^he  details  of  the  issue. 

This  jniestmi'ut  rate  has  no  connexion  whatever  with  the 
bond  rate  at  which  the  coupons  are  payable. 

2.  In  arri\ing  at  a  decision  as  to  what  price  he  is  willing  to 
bid  for  a  bond,  the  purchaser  should  have  in  mind  a  niunber  of 
considerations  amongs.  which  the  following  m.i\  be  mentioned. 

(i)   The  e.Ntent  and  nature  of  the  security  mortgaged  for  the 
retlemi)tion  of  the  issue. 

(ii)  The  ability  of  the  issuing  corporation  to  earn  the  annual 
coupon  payments. 

(iiii  The  extent  to  which  [xrsonal  sui)er\ision  of  his  invest- 
ment may  become  necessary,  and  his  capacity  to  exercise  such 
supf  rvif.jnn. 
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•~"'  Interest  and  Bond  Values. 

fiv)   Tlic  l,rca.hh  n{  tin-  ni.nk.  i  in  which  hi.  iiuvMinc-iU  v.iil 
!)(■  ^akahk-  iii  the  cwiil  of  imd. 

I  VI   T\w  riirivnt  pricv,  „f  apparently  >iniilar  securities. 
The  examinaiiun  of  these  matters  results  in  the  purchaser 
reaching  a  decision  as  to  the  rate  cf  interest  the  investment 
slH.ui.l   yiehl    him    under    all    the    cin-umstancc  ^     considered 
Unce  tliat  di.  i.ion   has   heeii   reached  a   mere  reference   to  a 
book  of  Bond  \'alues  will  indicate  the  price  he  can  hid. 

'■<■  A  ^.lmple  extract  from  a  liond  Table  uill  Aksx  the  u^ual 
arr,in_;,emeni  ol  \alue>. 

4';    HO.MJ. 

with  half  yearly  coui)ons. 

Invest  nuiit 

Kite  '  ;  Ti;iK-  to  .M.mirity. 

l<Mll|lilll!l,lc:|  -^  

^ir-y.-arly  2S\c.Lr^  JS',y,-ars    2!)  y.ars  Ijil'o.ars 

;i.r,0  Ids  ,S7S  1()>  !)71       1011  0ti.j      10!l.i;,J 

;*•"'.")  li)7  ',m  lOS  ().>o      lOS   107      108   IS? 

3.(;o  107  OJd  107  01»_'      107   Iti.J  107  233 

•''■'•"'  !"'>   Ktii  I'Hi   lO'.i      IOC.  2.«)  100  J'JO 

iLi!!__J!!iL;-!"  _."»;>  -'"xi  lo.^jos^j  105  a.w 

The  se(iuence  of  values  may  be  thus  illustrated — 
Purchase  price  of  a  l';b,;n<i  with  29',  years  to  run 

bought  to  yield  .V,',- ; ^,;ioj)   j-3 

Add  half  a  year's  interest  at  IJ'j';'^ '      j    .jjq 

,.    ,  ,        ,  111.003 

l.'cduct  \aliic  of  coupon 2  ono 

Value  of  bond  with  -Ji)  years  to  run 109^063 

Add  half  .1  year's  interest  at  3'/ ^ 1  908 

^•"'•^^•"■^' "U().97l 
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Brought  forward $110,971 

Deduct  value  of  coupon 2  000 

Value  of  bond  with  28,' 2  years  to  run 108.971 

Add  half  a  year's  interest  at  3 J'i% 1  907 

110.878 
Deduct  value  of  coupon 2 .  000 

Value  of  bond  with  28  years  to  run 108.878 


1.  Tlie  \  ahu'uf  a  bund  for  a  unit  due  )/  <  ()ii[)(in  pericnis  lieiue 
and  bearini;  ;;  ( oupons  at  rate 7  i.-^,  at  an  inve-^tnient  >ield  of  1 
I  er  period,   \'„--j a;^,+v"  where  «;;]  and  v"  are  taken  at  rale  t. 

One  coupon  period  after  the  pun  liasi ,  we  ha\e 

Since  tliC  investment  will  liave  earned  interest  at  rate  j, 
will  ha\e  produced  a  roupon  worth  _;',  and  will  then  stand 
at   V„-,, 

ur  ( /  a^  +  v")  (1  +1)  -7=j«;rrn  +  i'""' 

so  V„-i  (1 +  i)  — ./'=  V'„-.j     &c.  =  &'.     until  we  liave 

(r,=jan  +  tO  (i+/)-j  =  i  =  v;. 

The  values  printed  in  a  bond  table  are  of  course  not 
calculated  indejiendently,  also  of  course  the  results  must  be 
checked  before  publication. 

The  Honil  rates  usually  tabulated  range  from  2' j'^'c  by  steps 
of  Ji'"^  to  O'i  or  7Vc-  I"  some  cases  al.so  values  of  2?4''i, 
3,'4'  t,  etc..  bonds  are  tabulated. 

The  Investment  or  \ield  rates  usuall\-  cover  about  the  s^ime 
range  as  the  bond  rates,  but  the  steps  or  intervals  are  very 
much  smaller- — a  common  interval  l)eing    05'  c- 

The  vahii-  of  a  bond  for  a  urn!  due  w  coupon  periods  hence 
and  bearing  11  coupons  ,it  rate  7  i)er  period  is,  at  an  investment 
rate  of  /  per  [icriod. 

.7  a;;^+ii"  when  a^  and  r"  are  taken  at  rate  i 
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lies. 
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=  \-(i-j)  a- 

l-:it!!(i-of  tlic-f  fornui 
machine. 


.(B) 


re  Miitahlf  lur  u-,v  on  a  multiplying 


To  rhcck  the  values  we  have  the  lollowing:— 
The  X  alue  at  yield  rate  i  of  a  bond  lor  „  periods  with  coupons 
..t  i.nvj  ,>_/  a-r  +  v  ,  hut  >t    the  coupons  had  l,een  at  late  Z+S 
Uu^vahie  would  Ikuv   been  ij  +  5}   «„+.".      The  dilTerence   is 
oa,,,       Iheretore    if    the    i.on.l    rates    form    an    anth.netira! 
KT-es.  as  tlu.y  almost  aiwax>  do,  ,he  prices  for  the  sante  period 
a  Hi  yield  wdl  also  torn,  an  arithntetical  .eries.      In  other  words 
the  pnce  of  a  r,<  ;  |,„nd  is  exactly  half-way  between  the  prices 
•"  ''  '   '.    7"<'  ■""1  •'  '■''  ;   l".nd  for  the  same  period  and  at  the 
■•ame  yield;  and   the  ditTerence  I.etNven   the  prices  of  a  4'; 
'""'' r' •':"-■'''"'■"' ^-"'i' add    'tothepriceofaU'Vbond 
K.votheprueofad'.-   1-nd,  a.  bein^  for  the  same  period 
and  at  the  same  y\iU\.  ' 

Many  tables  of  Bond  \alues  ha^ e  been  published  and  some 
of  then  are  probably  quite  accurate,  but  the  writer  has  in  his 
possession  the  thirteenth  edition  of  a  widely  used  table  which 
contains  over  one  hun.ired  errors  manv  of  which  are  by  no 
•m'ans  tnv.ai.  The  values  ,iven  in  any  table  should  be  checi<- 
vc\  before  us.nK,  either  by  an  imh-Oendct  table,  or,  better  by 
tlie  use  of  the  interest  tables  we  have  been  discussing. 

3.   (on.ider  a  S|(),(.,)()  bond,  due  exactly  2,)  vears  hence  and 
.ear.ng  halt  yearly  coupons  at  5  [ .     The  holder  of  such  a  bond 
\MII   receive 

(i)   S2aO.  at  the  end  .,f  each  half  year  lor  20  years. 
(Hi  ;"ii), uuu  at  the  emi  ol  2U  years. 
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To  find  the  value  l  such  a  bond  on  an  interest  basis  of  4;;% 
compounded  half  ><  arly,  we  have  only  to  discount  the  benefits 
to  be  recci\ed. 

56,5-18.38 


(i)  S250  GTirat  2'4':^.. 
(ii)S10,000i'^''at2'4Vc- 


4,100.46 


$10,654.84  in  all. 


Or  %vc  may  argue  as  follows: — Had  the  bond  borne  coupons  at 
4,'^' ,' ,  i.e.  of  the  value  of  5225  each,  its  value  would  have  been 
510,000.  I5ut  since  the  coupons  are  for  5250  each,  the  value 
of  the  bond  exceeds  510,000  by  525a,„  at  2,' ^'t  =5654.84,  c. 
the  value  is  510,054.84. 

And  this  is  the  price  which  an  investor  should  pay  to  yield 
him  4'i',f  com[K)iuided  half  >earl>'. 

lamiediateh'  after  the  purchase  the  investment  will  be 
standini;  in  the  [nirchaser's  ledger  at  its  cost,  510,651.84. 
Si.\  iriiiiihs  latiT  a  coupon  will  Ije  due  and  will  produce  5250. 
But  tJie  inxestnient  was  made  to  yield  4j2''t'  Therefore  it 
should  only  be  debited  for  interest  with  5239.73  which  is 
half  a  year's  interest  at  the  in%estment  rate  on  the  purchase 
price.  The  balance  of  the  coupon,  namely  510.27  is  a  return 
of  ca[)ital.  So  that  after  the  cashing  of  the  coupon  tt:e  in- 
vestmei\t  will  str.nd  at  510,014.57  =  •J50  ,;;,,  +10,000  f'''.  The 
next  half  year's  iniert'st  will  be  5230.50  and  the  second 
coupon  will  contain  510.50  of  cajiital  repaid.  By  continuing 
this  jjrocess  the  iiucstmc.it  will  be  written  diiwn  little  by 
little,  but  mnie  and  !rv)re,  each  hall  \ear  until  at  the  end 
of  I'.t'j  ye.irs  and  just  .after  cashing  a  <oupon  it  will  stand 
at  510,024.45  =  'J50<.r+l().(MK)  r.  Tlie  last  coupon  will  con- 
sist of  5225.55  interest,  and  524.45  lapital,  which  with  the 
510,000  then  rcjiaid  will  just  balance  the  investment. 

It  may  be  worth  noting  that  if  the  investor  could  find  an- 
other investment  for  510.27  each  half  year  to  yield  him  4'.''; 
compiiunded  half  \e.irly,  he  could  leave  the  bonds  in  his 
IihIlm  r  .It  their  uurt luise  urice  ami.  rcjarclins  b230.73  as  a 
uniform  interest  income  from  the  bonds,  place  the  510.27  in 
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the  otluT  investment  each  half  year.     This  second  in- 
nient,  if  allowed  to  accumulate,  \vnuld  amount  on  the  due  •     ic 
of  thel.ond  .0  510.27  5]^  at  :.-i^- =5055,08  which  to.;etl.er 
w.th  the  510,(.UU  then  payable  would  practi.-ally  balance  the 
purc.ia'-e  price. 

Sometimes  in  connexion  with  trust  funds  it  is  not  desirable 
to  write  the  investment  down,  and  it  is  usually  impossible  to 
hnd  another  investment  for  the  small  periodical  repayments  of 
capital  at  the  same  inveMment  rate.  In  the  purchase  we  have 
f.een  cnnsiderinR  it  may  be  imperative  that  the  <ai,ital  should 
remain  intact,  and  yet  it  may  be  impossible  to  invest  a  sinking 
fluid  at  better  than  3'  ;  comjiounded  half  yearly.  Under  such 
conditions  the  sinking  fund  will  demand  SG51.S1  ijr'  at  P,^^ 
->12.07,  in  place  of  $10.27  out  of  each  coupon,  thus  reducing 

iin  'r-^T''T  T''''  '"  '-^' ••'•^  '■•^'"'^  '''"'f  >-^^'-  ""  ^  ^^Pital  of 
?l(),0o4.S}  which  will  remain  intact      This  is  equivalent  to 

an  mvestment  rate  of  -1.4GG^I  instead  of  A} 2':'c- 

(•■  On  the  uiher  han.l  supp,..c-  that  the  investor  h.i.l  bought 
?IO,)UO  of  4';   bonds  due  20  years  hence  and  bearing  half 

year  y  coupons  to  yield  him  4 'i'- compounded  half  yearly       \ 
bond  table  will  shew  the  j.rice  to  be  $9,345.16. 

This  should  be  checked  by  discounting  the  benefits  as  follows 
$200  am  at  2 ?,";=  $5,2,38. 70 
$10,000  f^^  at  2 ',-'■•=   4,106.46 


$0,345. 16  in  all. 


Or,  we  may  argue  that  had  the  coupons  been  for  $225  each 
Che  value  of  the  bond  would  have  been  at  par.  The  cou.,ons 
being  only  for  $200  each,  the  value  will  be  at  a  discount  of 
>-.^a^  at  2^4^' -=$654.84.     The  value  is  $0,345.16 

1  he  (irst  half  year's  inten^st  should  be  2^%  on  the  price 
that  IS  >210.27  but  the  coupon  would  only  produce  $200 
ncb,t,„j,  the  account  with  the  interest  due  and  crediting  it  with 
the  coupon  w-ould  write  up  the  investment  by  $10.27  to 
Mt,3ui).4i>.      Ihe  next  half  ye.ir's  interest  \v!!!i!d  !--r<210'^0     S 


I 
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that  the  inxestment  would  have  to  he  still  further  written 
uj)  by  $10.50.  Continuing  this  process  we  should  I'md 
that  six  months  Ijefore  the  due  date  of  the  bond,  and  immedi- 
ately after  the  cashing  of  the  j)enu!timate  c(Jupon,  the  iin  est- 
inent  would  be  standing  at  SO, 97"). 5'),  on  which  the  last  half 
year's  interest  would  be  $221.45.  The  last  coiii)on  would 
produce  5200  and  the  balance  of  the  interest  due  would 
bring  the  investment  U[)  to  the  $10,000.  then  [)ayable. 

Again,  it  is  wcjrth  noting  that  if  the  investor  could  find 
someone  to  lend  him  510.27  each  half  year,  on  the  security-  of 
his  bonds,  and  allow  such  a  series  of  little  loans  to  accumulate 
at  ^'i'^'c  compounded  half  yearly,  he  would,  on  the  due  date 
of  his  bonds  owe  this  lender  $10.27  s\u\  at  2!^'  ,'  =$1)55.08 
So  that  the  bonds  might  have  remained  on  the  purchaser's 
books  at  their  purchase  price,  $9,315.10,  producing  5210.27 
eacli  half  year;  and  when  they  were  paid  otT,  the  difference 
lulween  the  510,000  and  the  purchase  price  would  [iractically 
wi[)e  out  the  accumulation  of  small  loans  effected  to  make  up 
the  interest. 

Here  also  it  may  be  not  only  undesirable  to  write  up  this 
iinestmenl  but  it  may  be  impcirtant  to  maintain  an  annual 
income  as  large  as  possible  consistent  with  the  preservation  of 
the  capital;  and  \ct  small  perio(l:c;d  borrowings  such  as  we 
ha\e  indicated  might  be  onl\'  possible  at,  say,  0'  ^.  Now  the 
premium  of  5ti51.Sl  at  which  the  bonds  will  lie  repaid  in  excess 
of  the  purchase  ])rice  will  at  this  rate  only  permit  of  semi- 
annual borrowings  for  interest  to  the  extent  of  51)51.84  siTTi  at 
3'  ,'  =  5S.()S  each  half  \  ear.  H\'  this  means  the  investment  w'ili 
yield  520S.()Seach  half  yearona  uiiifnrm capital  of  59,345.10  or 
at  the  rale  of  4.4t)()'f  instead  of  A^  i'','o. 

7.  It  will  be  noticed  that  if  tlu'  bond  rati'  exceeds  tin-  invest- 
nn'nt  rate  of  interest,  the  bond  will  be  selling  at  a  iiremium, 
but  if  the  bond  rate  is  less  than  the  iruestment  rate,  the  bond 
will  be  selling  at  a  discoimt.  The  algebraic  iiuestigation  of 
this  premiimi  or  discount  is  instriicti\e. 

Consider  a  bond  for  1  due  n  periods  hence  bearing  coupons 
at  ;  and  selling  at  1  +p,  i.e.  at  a  prenuum  ot  p,  to  yield  i. 
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But  l=/«7,:+r''atrate/. 

IluTcfore    p  =  ij-i)  ,j^^^  rate  ;. 

;t  ™,;;::,"'.'''"' '''''■''"■■•■"'"''"''''''*■""-■■"-- i" 

l-(/  =J  (!„-+:■'•  :u  rate  /. 

1  =/'  (I  ~+v"  ai  rate  / 

•'•  '/=('-])  a^:  at  r.itc  /. 

Or  ,k.  .li.coinu  is  the  present  ^•alae  ,.f  the  shortage  uf  i.uere.. 
in  the  coiiixHis.  -^  I'nere-i 

Mnreover    the    H.,n<l  TaMes  ,ni,ht  have  been  construeied 

fn>n>, he, uteres:  tal.le  of    «-.W,hot,trefere,>ce  to   that  U 

Asain,  a  perpetual  l,o„,l  for  1  heari.,,  e,uu,o„s  at  J.  ouM 
in-  v.nrth  -'  a,  an  investment  rate  of  /. 

'I-lufefore  a  Lnnd  Hue  .  periods  h.Mt,  e.  an<l  bearing  eonpons 
at./(>/),iswor.hiessthan  ^  by  the  rash   value  of  the  .ii.Ter- 

'""'''■•"""'  '''^' ^'''''  »'-'  ^vl'i' !'  ''.HKwui  .ill  t,lti,„ately 
procure:  or  the  pri,  e  shni;l,l  be  ■'    -  t^ I  ^- ]\,"  -  ,  ^  ,  ■      ■^ 

^-abon,|   ,hK.  .   periods  hen.-e.  ami    iu.arins  rou,.,,nsat 
,/(<". iMsorth,uure,l,an:i  by   the   ra.h    value   of   ,!,,  diuer- 

"''""'   ''*■'-••■'  j''^"!    tlH'    1    u:d:h     the  bond   will    ultimately 
I"'"'-'i  •■■:  or  iliepri.-e  should  be  ■''"  + /^i  - -' V"  _  ,      ,•      ■^ 

!-.xan,ples.-sIO,0,;()  of  oO-y.ar  5'7   bonds  with  half-vc.rlv 
o    ->      )-.,),))  a,,  =  ,.„«,.^  at  2- =;?i;5G7.77.  orat  a  priee  of 
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S.  Similar  \):nnU  with  '-^li'l  coupons  sold  on  the  same  basis 
>vill  Ih'  at  a  discount  of  8(200-17.))  «{;]-=  82")  a\r^^  at  2'c 
=  S*)S;j.S!t,  or  at  a  price  of  8U,:}lt).l  1. 

If  a  bond  for  1  due  n  periods  hence  and  bearing  coupons  at 
_;■  sells  for  \-\-p„  to  yield  i,  and  a  similar  bond  due  m  periods 
hence  sells  for  \+p„  to  give  the  same  yield,  we  have 

Pn={j-i)  av,  at  t;  and  p„  =  {j-i)  a—,  at  i. 
Also  p„.„,  the  premium  at  which  a  similar  bond  due  n  +  m 
P'.riods  hence  would  sell,  is  ij  —  i)  n;r7^|  at  i. 

-■•  Pn-.m  =  {j-i)  a;r;wi 

=  ij-i)  {a-^+v"  a-^} 

=  Pn+v''  P„. 

Similarly  if  a  bond  for  1  due  n  periods  hence  and  bearing 
coupons  at.'  selU  for  1  —d„  to  yield  ;'.  we  have 

d„  =  {i-j)  a„,  CLt  i;  and  d„  =  {i -j)  a ^i  at  i 

and  d„.„  =  {i-j)  a„:,„' 

=  d„+v''d„. 

So  that  we  may  extend  our  bond  tal/lcs  to  any  numlx  r  of 
[iLriods  beyond  their  present  range.  Sui)i)ose  our  taiiles  ciitv 
run  to  ')0  years, and  we  want  to  find  the  value  of  a  (i.j-year  bond. 

Let  the  investment  rate  l)e  4'^^  comi)ounded  half  yearly- 
If  che  bond  rate  exceeds  .'<;,  the  G.5-year  bond  wi!,  sell  at  a 
premium  greater  than  that  at  which  a  lo-\ear  bond  will  sell  by 
the  i)remium  for  wiiich  a  .')0-vear  bond  v.oiil!  ■  ,  nuiltiijlied 
by  I-'  at  2%. 

If  the  bond  rate  l)e  less  than  4',',  tiie  ().")-year  bond  will  sell 
at  a  discount  greater  tiian  that  at  which  a  !.")-> ear  IkhuI  will 
sell  by  the  discount  for  which  a  .")0-year  bond  would  sell  multi- 
plied by  v'>  at  r'c. 


0.  We  may  alsoexten.i  the  Bond  Table  to  other  l)ond  rates 
whii  h  are  not  given  in  the   T.ible. 

Since  <l>'j  price  of  .iny  bond  i-^  th-^  nrf>c:!^p<  ■/liIuc  of  tile  caoi- 
tal  plus  the  present  value  of  the  interest,  disiounting  at  the 


■^^•i^t^ 
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investment  rate;  the  difference  in  value  between  two  bonds  for 
the  same  amount  due  on  the  same  date  depends  entirely  upon 
the  dilferenre  between  their  coupons.  Tiierefore  if  we  keep 
the  mvestment  rate  and  the  unexpired  time  uniform,  the 
values  of  y/„  A^c  5',;.  (j'r,  &c.  bonds  will  be  a  series  in  arith- 
metical progression,  each  term  greater  than  the  preceding 
term  by  the  same  amount.  So  that  if  v.dues  for  onlv  two 
bond  rates  are  given  we  can  find  values  for  any  other' bond 
rates. 

The  price  of  a  I}-,';   bond  is  exactiv  half  the  sum  c,f  the 
prices   ol    similar   bonds    bearing    ;j' ;    and    -1';    respeclivclv 
The  price  of  a  ;5.0.-,' ;  bond  exceeds  that  of  a  similar  ?/ ^  bond 
by  I'oo  of  the  difference  between  the  prices  of  the  S^,'  and  tlie 
•1',    bond  under  the  same  conditions. 


lO.  It  is  cu>t..niar>-  to  cnsi.ler  xield  rate>  as  being  com- 
P'"i"<led  half  r.irly.  .,nd  n:.  >t  b,,n<!s  ,arrv  half-vea-lv 
'•nupons.  The  tables  of  b,,nd  v  ahie^  are  n!a,:e  on  the  a-ump- 
tion  that  the  bunds  will  cany  such  cup.  ns,  and  ih,  t  the 
investment  .,r  yield  rates  are  to  be  cmipoun.led  half-Nearly 
Hut  .K-casumalK  1  ,„.:s  b.v.r  yearly  or  ,|uarterlv  coupons,  and 
for  inirposes  ol  comparix.n  it  i>  imp„.rl..nt  that  such  b..n'!s 
should  be  valued  .n  an  investment  rate  compounded  half 
>earl\-.     An  example  w  ill  illustrate  this  point. 

Consider  a  2r,-year.  o'7.  SlO.OOO  bond  with  vearlv  coupons 
To  hnd  the  value  of  such  a  bond  to  vield  the  investor  i'^'l 
compounded  half  yearly.  The  annual  coupons  of  SaOO  each 
are  at  this  investment  rate  e<iuivalent  to  half  vearlv  coupons 
of  >  47.37  each.  (See  page  3-').  Therefore  the  value  of  the 
l)ond  IS 

SU).0()0  +  S(i.M7..37-212.o())  „y^  at  2's^;, 
=  S10.0()()  +  5l,0(i7.r)()  =  Sll,0t;7..')0. 


Or  S247.37  a,^;  at  2  •  s^  ^  =     >7,572.91 
+  SU),000  z-'at  2',s't=       3.494.59 


;"lI,OG7.oO. 
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Had  an  ordinary  tabic  of  bond  values  been  used  to  answer 
thi.-  (juestion,  i^'noring  the  fact  that  the  coupons  were  yearly 
and  not  lialf  yearly  as  assumed  in  such  a  table,  the  result  would 
have  been  .■=;i  1,14S.()1  th  error  of  S80.51  in  excess. 

The  bond  tables,  however,  might  have  been  used  as  follows: 
The  value    of  a  5' (    bond  with  coupons  of  525(J 

'^■'i^'h   is 5  11,148.01 

The  value  of  a  4^2'",    borul  with   cou[)uiis  of  522.") 

t^^ich  is l(),:iS2.(i7 

Differences $2.')       STtij.:}! 

Therefore  a  bond  with  coupons  of  5247.;{7  is  worth 

2'  37 
>10.382.G7+        -  of  $70J.;M  =  511,(m7.:)U. 

Similarly  for  a  bond  with  ([uarterly  coupons. 
Consider  a  SIO.OOO  bond  due  exactly  2,5  years  hence  and 
bearing  quarterly  coupons  at  A^'l.     To  find  the  value  of  such 
a  bond  to  yield  4><%  compounded  half  yearly. 

The  quarterly  coupons  of  $100  each  are  at  the  investment 
rate  equivalent  to  half  yearly  coupons  of  $201.12  each. 
Therefore  the  value  of  the  bond  is 

$10,000-51225.00-201.12)  a.^  at  2'i% 
=  $10,000 -$71 2.45  =  J?9,287.,-jo. 

Or  $201.12a5;rat2'4%=   $6,000.29 
$10,000  1'^"    r2^i'l=     3,287. 20 


S9,28; 


Had  an  ordinary  table  of  bond  values  been  usetl  in  this  case, 
ignoring  the  fact  of  the  quarterly  coupons,  the  result  would 
have  been  $9,251.14,  an  error  of  $33.42  in  defect 

Ii  may  be  worth  noting  that  the  use  of  an  ordinary  bond 
table  in  the  case  of  a  bond  with  yearly  coupons  will  produce 
an  error  in  e.\ccss  which  will  be  practically  double  the  cor- 
responding error  in  defect  produced  when  such  a  table  is  used 
to  v,:,u-'  a  -Hiihar  bond  bearing  quarterly  coupons. 
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Tal.Ics  are  puhli^hed  for  Lo.uls  with  yearly  coupons  nn<i 
others  for  iK.n.K  with  quarterly  coupons,  hut  such  tables  quote 
yield  rates  conii.ouuding  in  agreement  with  the  coupons  j  e 
e.theryc.arly  or  quarterly.  The  investment  yield  compounde.l 
Hall  yearly  has  however  become  almost  an  institution  It  is 
therefore  unportant  to  be  able  to  value  bonds  with  vearh- or 
quarterly  <oupons  on  the  basis  of  an  investment  yield  com- 
pounded half  Nearly. 


II-   l'<""l-i>e.,,nHtime>rei.ayabIe  at  a  premium.    Cnn.i.ler 
the  case  ..t  a  S1(),(J()1)  bond  bearinj^  half  yearlv  coupon,  a-  i!/', 
and  repa>able  l.j  >ears  hence  .it  a  premium  of  W,       \Vh  it 
Mio.ad   be    .he  price  of   such  a   bond   to    vield   5'.':;    to   the 
uuistor.''  ■  ' 

It  we  ne:;Iect  the  premium  on  redemption,  the  table  of  bond 

;"';'7""V^'^^-, 5io,/3ot).23 

init  tlie  value  ol  the  premium  is  Sl(){)()r''"at  2.'4' ;  =         413   15 
Therefore  the  total  value  of  the  bond  is $10,019.38. 

Or  we  might  have  regarded  the  bond  as  one  for  SI  1,000   bear- 
ing  cou[.ons  at  ,-.,V;.     Then  using  the  bond  table: 

$11,00(1  ,,f  l.Vyear  0'  ;   bonds  are  worth  ....  ^  n  .-,-,0  Sf. 

5^11,000  of  l.j-yearo'c  bonds  are  worth 10,443.. 4 

Difference  for  V,  in  bond  rate  is 51  113  72 

^        Difference  for  {\  of  1'^  i„  b„„,]  ^ate  is .  .    ^      '    '",00  24 
>1 1,000  of  1.5-year  .5-/,-,  bonds  are  worth 51(),!t40.'38. 

Or  still  regarding  the  bond  as  one  for  SI  1000  beirine 
coiipons  at  a.V7,  it  shouM  sell  at  a  discount  equivalent  to 
the  shortage  of  interest  in  the  coupons. 

This  discount  will  be  5(302.50-300)  ajj^j  at  2?^'^^. 

=  S2.50  ayj^=        S50.G2 
The  price  therefore  is  $U, 000— S.-,0.G2  =  $10,949.38. 
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Con-iikr  thf  case  of  a  510, ()()<)  hond  Itcariiii:  h.ilf  yearly 
rmipons  at  o' ;  for  only  tlu-  la-i  1.")  \ears  of  its  term,  and  rj- 
payaiile  20  years  hence  at  a  premium  of  27y'  } .  To  tiiid  the 
v.iiiie  of  siicli  a  bond  to  yield  tiie  invesK^r  4*4' ^  c()m[)(.iiiuled 
h.ilf  yearly.  The  honfl  tables  are  not  directly  applicable. 
iJi-couiuiui;  the  benefits  by  the  use  of  interest  tables  we  ha\  e 
52,50(ai;7-ai„)at2  ^^;  =  sf),707.G8 
512,500  v"'  at  2  ^  ^%  =      4,SS.S.  25 


$11,5'J5.'J3. 


12.  The  «ener,il  theorem  rei;ar<lini;  the  v.due  of  a  loan  has 
been   eMablisiied    bv    the   Kite    Mr.    Makehani    of    London    as 

follow  M 

Let  C  be  the  ca[)ital  repayable  including  any  premium  on 
rei)a\nienl; 

j  be  the  nominal  rate  of  interest  payable  on  C  or  on  any  un- 
paid portion  of  C; 

i  be  the  lender's  investment  rate; 

A'  be  the  present  value  of  Cat  rate  i\ 

while  A  is  the  purchase  price  of  the  loan. 

Xow.l  is  the  present  value  of  Cat  rate;',  iii.it  is  A',  plus  the  pre- 
sent value  at  rate  /of  theinterest  paymentsto  bemadeat  ratcj. 

Therefore  the  present  value  at  rate  /  of  the  interest  pay- 
ments to  be  made  at  rate,/  is  A  —K. 

Now  had  the  loan  borne  a  nominal  rate  fan  investor  would 
have  paid  i)ar  for  it,  i.e.  A  would  have  been  equal  to  C.  There- 
fore the  present  value  at  rate  i  of  interest  payments  at  rate  i 
is  f-A'. 

Therefore  the  present  value  at  rate  i  of  interest  payments  at 

ralej  is  {    (C-K). 
i 

So  that  ,1=A'  +  ^-  (C-K),  which  is  Makeham's  formula. X*^ 

\V<  may  illustrate  this  formula  \  \-  ap[)lying  it  to  an  ordin- 
ary bond  for  1  due  ti  periods  hence  and  bearing  coupons  at 


^v-M-^i^k^»^  ifc>^/'  2  2, 
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In  this  case  C=  1,  and  A'  =  t'' 

TluTcfore  the  price  is  !•"+    -^  (1  -r") 

i 

=  1  -   (1  -   -'  )  ri_t,-,. 
t 

A  convenient  formula  for  tiie  calculation  of  bond  values. 


Since  1  -  (l 


)  ( 1 -:.")=  i_^,_y)  a- 


weiiave  ai;ain  dediKed  iliat  a  hond  will  sell  at  a  premium  or 
at  a  (JiMomii  c(|ii,d  the  present  value  of  the  dillerence  be- 
tween the  coupons  actually  i)ayal.le  and  th(ise  that  would  I'c 
pa\al)le  imder  the  \ield  rate. 

.Xriilinutically  Makeham's  formula  is  of  ^reat  value  in 
cases  where  the  capital  is  repayable  by  instalments.  A  series 
of  Imnds  ;->ued  to  repay  caiiital  by  instalments  is  called  a 
Serial  Issue. 

^  Consider  a  loan    for  SIO.OOO  at   fl^'    payable   half  vearly, 
SoOO  of  the  cai)ital  to  be  repa>able  with  each  payment  of  in- 
terest, and  suppose  we  want  to  know  the  price  to  vield  the 
investor  o^','  compounded  half  > early. 
In  this  case  C  =  $10,000. 

A'  =  SoOO  a.^  at  2 '«%  =  $7,525.44 
C-A'  =  $_',474.5G 

{  (C-A)  =  H*of  $2,-174.56  =  $2,5S2.1G 


.•.^1=A'+  ■!   (C-A)  =$10,107.00. 
»  -     - 

Again,  consider  a  loan  of  $10,000  at  G^^  payable  half  yearly 
to  run  for  10  years  and  then  to  be  redeemed  by  vearly  instal- 
ments of  $1000  at  a  premium  of  10';.  the  last  instalment  of 
caintal  to  be  repaid  20  years  after  issue;  and  suppose  we  want 
to  know  the  price  of  such  a  loan  to  yield  the  investor  5j  /^^  com- 
pounded half  yearly. 
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In  this  case  C  =  $11,000  and;■  =  57-,':c• 
A'=the  present  value  of  the  instalments  of  $1100  a  year 

equivalent  at  the  yield  rate  to  5o42.r)l  each  half  year 
=  $512.54  (.liT^-asi)  at  234%    =   S  4,801.91 

C- A' =  $6,198.00 


iC-K)   =    ;:';  of  $0,198.06 


..1=A'+-'    iC-K) 
i 


=    $0,146.84 


=  $10,948.78. 


I'.i.  There  remain  to  l)e  coii^iik-re.!  tho-c  bond:,  -.vliich  ,i.e 
repayable  l>y  the  operation  .it  an  a.iumulative  sinking  fund. 
'Vhv  Inllnwing  i>  a  ease  in  [xiint. 

A  foreign  government  i.-,sues  a  loan  of  $1,000,000.  at  5'  ;  with 
yearly  eou!)ons  and  agrees  to  set  a.-ide  0'/  ,'  of  the  |).ir  value 
of  the  bonds  each  year  to  pay  the  coupons  and  for  the  re- 
demption of  the  issue  by  annual  drawings— the  numbers  on 
the  bonds  to  be  redeemed  each  year  being  clujsen  by  lot.  Merc 
we  have  an  annuity  of  $05,000  a  year  de\i)ted  to  the  ser\ice 
of  the  loan  until  it  is  all  redeemed.  At  the  end  of  the  first 
year  $50,000  will  be  needed  to  pay  coup(.ns,  and  $15,000  of 
the  bonds  will  be  dra\\n  and  cancelled.  At  the  end  of  the 
second  year  only  $49,250  will  be  needed  for  coupons  and 
$15,750  will  be  available  for  redemption  purposes,  and  so  on. 

Since  the  $1,000,000.  must  be  the  cash  ecpiivalent  of  the 
annuity  of  $65,000,  discounted  at   5' ; ,  the  bonds  will   lie  all 

paid  oil  in  M  sears  where 

1.000,000.  =05,000  fl^Ti  on  a  ri'l  basis 

or  o—  =  .005  in  tlie  5*%  table. 

A  reference  to  the  table  shewr-  that  n  is  a  little  over  30 
years,  which  is  of  course  quite  independent  of  the  issue  price  of 
the   loan. 

To  find  the  amount  of  the  i<sue  that  will  be  outstanding  after 
any,  say  the  18tli,  annual  drawing,  we  have  only  to  find  the 
cash  value  at  the  bond  rate  of  the  remaining  payments  of 
$65,000  a  year,  that  is  $05,000  a^^^  at  57c=S570,lll. 


48 


Interest  and  Bond  Values. 


To  fn„l  the  issue  price  of  such  a  loan  to  net  the  purchaser 
of  the  lihole  issue  oH'[  yearly,  we  have  only  to  find  the  cash 
equivalent  of  $05,000  a  year  for  30  years  on  a  5'.^^  basis 
that  IS  SGo,000  aj;,  at  5 'i'^  =$044,093.  The  30  vears  h 
slightly  less  than  the  true  time,  hut  a  purchaser  at  04 1,^ 
woukl  he  practically  buying  on  a  Hyi^:'^  l)asis. 

The  gamble  introduced  by  the  ainuuil  drawings  makes  it 
impossible  to  say  what  investment  rate  would  he  realised  by 
the  holder  of  any  one  bond  of  the  series.  Suppose  that  a 
purcha.ser  of  one  bond  who  bought  at  90.  found  that  his  bond 
was  drawn  for  cancellali(jn  at  the  end  of  the  first  year.  He 
would  get  S105  after  one  year  for  an  inveMment  of' $90,  that 
IS  9-%.  On  the  other  hand  if  his  bond  was  not  drawn  till 
the  end  of  the  30  years  he  would  only  obtain  an  investment 
yield  of  aljout  bU^'/c- 

H.  I.o.msof  this  ch.irarter  are  sometime,  complicate  bv 
the  introduction  oi  a  temF)orary  sinking  fund  to  provide  for 
redemptions  less  frefpiently  than  once  a  year. 

Consider  a  loan  of  $1,000,000  at  .V"  with  half  yearly  cou- 
pons. For  the  service  of  this  i.ssue  $32,.500  is  to  be  set  aside 
each  half  year,  out  of  which  the  coupons  are  Xu  be  paid  and 
the  balance  deposited  in  a  sinking  fund  which  accumulates  at 
4  /c  comiKJunded  half  yearly.  At  the  end  of  e%  erv  third  year 
during  the  currency  of  the  loan  the  sinking  fund  is  to  be  ap- 
phed  to  the  redemption  of  bonds  at  a  premium  of  10'^  the 
numbers  on  the  bonds  to  be  cancelled  to  be  chosen  by  lot  '  To 
find  in  what  time  the  issue  will  he  redeemed  by  the  operation 
of  such  a  sinking  lund. 

Fn  this  case  we  may  regard  the  issue  as  one  of  Si, 100  000  of 
bonds  hearing  4,', ' ,'. 

The  h.ilf  yearly  coupons  will  call  foi  $'.>,^000,  leaving  $7  500 
lor  the  sinking  func.  The  bonds  redeemed  each  three  years 
are  purch.ised  .1  par  for  the  sinking  fund,  and  the  coupons 
on  the  hun.ls  so  purchased  will  increase  the  semi-annual  con- 
tribution-, to  that  fund,  which  will  grow  as  follows  :— 
Knd  of  3r<l  year:- $7, 500  s,  at  2',^ .  (See  page  29.) 
Knd  of  Gth  year.-$7.500  |  ,,,  +  a-fjr«-)  ,,--;  where /  =  2.\% 


la 
if 
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End  of  3nth  year: 


=  S7.500  57 


-1      „.,,„(i+i5in)"-i 

—  =  Ji'.jUU      —         —  • 
1  J 


{l+jST')'-  1  = 


n  = 


End  of  9th  year:— $7,500  st,  1  l  +  d+j  5eT)  +  (l+;  ^o])'^ 

and  so  on. 

-S7,500  s'^-  1  1  +  (1  +j  5o  )  +  ( 1+j  s^-*,+  . 

If  the  whole  $1,100,000.  be  then  in  the  sinking  fund  we 
have 

25,000  ^  10 

7,500         3 
loR  4.3333  _     ^  log  4.33333 
log  (1+2 {\c,l  of  ^)        log  1.1 4337 
=    •«=^«'^221   ^  ^^g^^^ 
.0581807 
Therefore  the  issue  will  be  redeemed  in  32.83  years:  which 
mc.nns  that  the  sinking  fund  will  have  more  than  enough  money 
tu  redeem  all  the  outstanding  bonds  at  the  eleventh  drawing. 
We  might  have  finished  the  work  without  the  aid  of  logar- 
ithms as  follows: 

We  saw  that  n  drawings  were  necessary  where 

(l+/56|)"-l  =  '.l". 

If  we  wrice  (1+/j)°  for  1  +ji(iT  which  is  1.14337  we  have 
(1+/!)'=  1.14337. 

A  reference  to  the  tables  shews  that  h  is  a  little  over  2J4^ 

.•.  ( 1.0225)"*"- 1  =  V,  or  (1.022,5j'"'  =  4.3333  at  2;^% 

Therefore  Cm  is  a  little  below  00 
or  n  a  little  below  11. 

Or  again,  without  much  loss  of  accuracy  we  may  neglect 
ihe  fact  that  the  coupons  on  bonds  bought  for  the  sinking 
fund  will  earn  only  2<",'  instead  of  2i'/(  each  half  year  for 
three  years  after  purchase,  and  proceed  as  follows; — 

The  half  yearly  coupons  on  the  whf)k'  lo.m  call  for  $25,000. 
This  leaves  $7,500  for  the  sinking  fund,  which  at  the  end  of  3 
years  will  amount  to  $7, ''10  5,;-  at  2' }  =$47,311.  The-  equi- 
valent half  yearly  contribution  which  invested  in  the  bonds 


wMm 


m 


!^i; 
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tliomM-lvcs  at  par  vvould  ha\c  produced  the  same  result  is 


$^7,311  5_;at2,'/;-=S7,l}9. 


-1 


.157UI 


-49 


I  .-.  J~;at2.273';c  =  .lo744. 


At  2.2')0'; 
2.37-.',; 

'llKTcfore  the  l)onds  would  l,e  redeemed  in  the  same  time  by 
uniform  senu-annual  payment?  of  S2o,000-f-7,4  }<J  =  ;5;5_)  t  }<) 
or  they  will  all  l,e  redeemed  in  u  lialf  years  where 

Sl,l(;0.000  =  s32,440a,-  at 
while  a  J  at  2r/'[  =  .02f)oO. 

'id:  ^ 

.()2!)23      93 1  , 

.030 l(i  I  •■•'^^, -It  2.273%  =  .02940. 


'^•Ve 


.At  2.2r.()^, 
2.37.-)' 


Therefore  the  time  required  is  a  little  less  than  33  years. 

Or  aKain,  reKardin^  the  i^^ne  as  51,000,000  of  5' [  bonds  to 
bere<]eemed  at  110.  \se  n,ij;ht  June  assumed  that  the  bonds 
were  cancelled  on  redemption  as  follows: 

WritiuR  Co  for  the  million  dollars  of  nominal  capital.  C,, 
it.  Cj  &v.  for  the  cai)ita!  outstanding  at  the  end  of  3,  6,  9  &c! 
\ears,  we  h.i\e 

Co-V;  (32, -.00. -.025  To)  sti  at  2%  =  C, 
or  writing  p  for  32,500,  i  for  .025  and  s  for  sj]  at  2% 
t'o-r;  {p-i  Co)s  =  C3 
or  Co  (l  +  lV«.s)=!V  ps  +  C: 
so  G  (1  +  !V  is}  =  \';  ps  +  Ct 
•  ••  (Co-r3)  {l  +  \Us)  =  C,-Ci; 
solG-Ce)  (I  +  IV  i-i)  =  Cc-CV 

&C.  &c. 

That  is  to  say  the  triennial  redemptions  of  capital  are  in- 
creasmu  in  geometrical  ratii,  with  a  constant  factor  (1  -fl ','  n) 
'I  he  (irst  term  in  the  series  of  redemptions  is  G-C,,  which  is 
I  '!ip - 1  Co)s.     Therefore  f lure  must  be  n  drawings  before  the 
whole  lo.ui  is  redeemed  where 


_J 
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«     ,  ,   25,000 
in  figures,  (l+i->f  234%  of  6.3C812j"  =  1+    ^^ 

or  (1.14337)"  =  4.33333 

.       ^  log  4.33333  ^  .  63682  ^  ^^^^ 
log  1.14337      .05819 
or  the  time  required  is  3n  years  =  32.8  years. 

The  progress  of  this  loan  might  be  scheduled  as  follows: 

r:  The  sf  mi -annual   pav-  ^"V""*  "!\      Bonds     '  -r„»  .1  r,.      ^"1"""'  '-'^ 

r  Sink    liiiKi  1  oral    iL- 

•C  meat  of  $32,500.          ^'f"^- '  >"  '     rcdeomcl  ,ip„„„ ;,„'*""<'*  '^''l" 

k  at  end  of   ,                  ,  (lomplmn 

i.                  ._    i  ^/"^'..t  at  end  of  ,„  ^'  .  „f   ,  standing 

u  '  the  period.  t**  ^'^*'  '*'  If 

=  ''^^                 '"^        '(3)  X5inati^*''^"^T,''-  the  period,  •;^^'"''."\ 

4  Coupons      Sink,  fundj^-*'   2^-'         I  ^4)  X  i?  the  period. 


(i; 


(2) 


(3) 


27, 
(4; 


(5) 


(6) 


(7) 


1   $25,000    $7,500  !  $47,311.  |  $43,010    $43,010.  ;  $950,990. 


23,92.5 . 


3  22,695 

4  21,290 

5  19,683 
&< '  itc. 


^ 

1       "- 

8,.575 

,     54,094 

49,170. 

92,1S6 

1    907,814 

1 

9.S05 

61,849 

1 

56,226 

148,412 

1    851,588. 

I 

11.210    70,716.  !  64,287.   212,699.  '  787,301. 


12,817  <     80.854,  !   73,504.   2,86,203.  ,  713,797. 

&c. 


&c. 


&c. 


&c. 


&c. 


It  should  be  noticed  that  each  value  in  the  5th  column  may 
be  obtained  from  the  preceding  value  by  increasing  the  latter 
by  14.3.37'"'f,. 

It  may  reasonably  be  objected  that  bonds  arc  almost  al- 
ways in  fixed  denominations  and  that  fractional  amounts 
could  not  l>e  redeemed  as  is  assumed  in  the  above  calculations. 

In  order  to  test  the  error  introduced  i)y  this  assumption  let 
us  say  that  the  bonds  are  in  denominations  of  :flOUO  each. 


i 
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Then  the  actual  working  „f  the  sinking  fund  would  be  as 
loiiows: 

^4^,000  o    the  issue  Icav-.ng  $9.57,000  outstanding 

Second  period -S10.91  (1.02)«  +  $S,575  5f  =  ^54  104  43 
enough  to  redeem  $19,000  of  the  issue  leaving  $908  000 
outstanding.  ' 

Third  period-$204.4.S  (1.02)«  +  $0,800  ^  =  $02  040  81 
oms'tandin."''*"'    *''"'"'"    ""^    '^'    ''""'^    '^'"^'"e    ^^''''^^"^ 

Fourth  p.riod-$449.81  f  1.02i«  +  $1]  .200  5^=  $71  157  .^"^ 
enough  to  r..deo„t  $01,000  of  the  issue  leaving  $788,000  out- 
standing. 

Fifth  period-$7.57..52  fl.02;«  +$12,800  .,„=  $81. .597.04 
enough  to  redeem  $7.1.0()()  of  the  issue  leaving  $714,000  out- 
standing against  which  .Iktc  is  a  balance  of  $197.  in  the  sink- 
.ng  fund.  That  is  to  say  a  net  debt  of  $713,803.  Our  un- 
^^r,'-'?-!  '''^7'"''^'"'^"  ^^'^"""1  in  shewing  a  net  de!,t  of 
>71J,,J,  at  the  same  date:  an  error  of  only  $0.  Practically,  the 
so  e  cause  of  the  error  is  the  difference  between  ,he  .5-  bond 
rate  and  the  4^,  sinking  fund  rate  on  the  small  sums  left 
between  drawings  to  accumulate  in  the  sinking  fund. 

1.5.  S„  far  we  h.ive  been  considering  bonds  b.night  either  .it 
.»ue  or  ,„  .1  ,-c.,^nl..r  cupun  date.  Bm  b„„d,  are  of  nece.Mtv 
b..ug!,.  between  cup..,,  dates  .nid  when  .his  happens  the  seilJr 

's  .>l.vinu>lv  entulod  t,.  su.ne  pnr.inn  nf  , he  value  .,f  the  ctirrent 
coupon  rhere  i-,  no  difficuhy  when  the  bond  is  sold  at  a  Hat 
price  which  IS  Mipp,.sed  to  include  .he  .uljustmcnt  in  question; 
"or  should  .here  be  anv  diflicuhy  wluiv  .he  bond  is  sold  at  a 
price  and  iiUeres."  u ',1,1,  mens  accrued  bond  interest  and  is 
easily  ascertained.      It  is  when   the  bon.l  is  sold  „n  a  yield 

>asis  .ha,  .h.fu.ui.ies  have  arisen.  There  is  a  wan,  .f  uni- 
formay  ..mong  b.,nd  .le.ik.rs  in  this  ma„er.  al.hough  of  recent 
years  most  of  ,hem.  when  .le.iling  „„  a  yield  basis,  are  u-iiL^he 
second  of  liu'  meihods  t„  be  now  dex  ribed. 

Hi.   II  ,m  nnlinarv  coupon  bond  is  .old  between  two  coupon 
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dates  to  yield  the  purchaser  a  definite  investment  rate  of  in- 
terest, it  is  sold  on  a  yield  basis. 
To  find  the  price. 

True    Price  =  Value    as   at    last    coupon    date,  plus   true 
interest  for  the  fraction  of  a  period  elapsed  since  that  date. 
P'irst  method  of  approximation: 
Price  =Fo+/-Z?. 

where  To  =  Value  as  at  last  coupon  date. 

/  =  Simple  interest  on  the  face  value  of  the  bond 
at  the  bond  nominal  rate  for  the  time  since  the 
last  coupon  date. 
D  =  Banker's  discount  on  /  at  the  investment  rate 
for  the  time  to  the  ne.\t  coupon  date. 
Second  mct'^od  of  approximation: 
Price  =  To -h/-Z^. 
where ro  =  \alue  as  at  last  coupon  date. 

/   =  Simple  interest  on   To  at  the  investment  rate 

for  the  time  since  the  last  coupon  date. 
D   =  Banker's  discount  on  /  at  the  investment  rate 
for  the  time  to  the  next  coupon  date. 
Third  method  of  approximation: 
Price  =  [l\  +  C)  ^{1+1} 

here     4^i  =  Value  as  at  next  coupon  date. 
^=Face  value  of  current  coupon. 
|  =  Sim[)le  interest  on  1  at  the  investment  rate  for 
the  time  to  the  next  coupon  date. 
Fourth  method  of  approximation: 

Price  =  To  +     '    (r.  +  C-r,,) 


Where  To 

,     1 
and   — 


I'l  and   C  ha\t!   the    same  values  as  before 
=  tile   fraction    of    a    coupon    period   that    has 


elapsed  siiuo  the  last  coupon  dale. 
All  four  methods  are,  or  were  recentlv.  in  actual  use. 


17.    I)i>(.  ussing  the  prdiiiiu  alKelir.ii(  ,tll>'  we  w  i 
bond  for   I   beariiit;  coupons    for    /    per    i)eri()d,   sold     '-  ol   a 
period  after  a  coiii)on  d.ite  to  yield  the  purchaser  i  per  period 


consHier  a 
L  of 


i 
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If  Fa  be  the  value  at  the  last  coupoi  date  and   V,  be  the 
value  at  the  next  coupon  date  we  have 
Fo(l+i)-j=F.. 

The  true  sale  price  is  V^  (l+i)»' 

The   first    method    gives    Vo+  ^-   (\-  "  ~  ^  {  \ 


—  f 


ro  + 


n  -  1  .  . 


The  second  method  gives  Vq  (i+  -Yi  -  "  ~J  ,•  V 
The  third    method   gives  ( F,  +j)   (\-\-  "nl  ,•  ^'' 

>•'-  +&C.    ). 


=  F.  [ 


n-  1  . 


!  +  --_ 

»  n  = 


i'  + 


(n-i: 


The  fourth  method  gives  Fo  +    ^-  {\\-\-j-  y^) 

n 

=  Fo+  --{Fo(l  +  i)-Fo} 

=  *••('+:)■ 

18.  Arithmetically  we  mav  take  the  following  example 
51,000,000  of  Fp  bonds  due  1  July  FJ40,  with  half  yearly 
coupons  1  July  and  1  January,  bought  on  1  September  1910 
to  yield  o'T^  compounded  half  yearly. 

True  Price  =  (Tabular  value  as  at  1  July  1910)  X(1.025)i 
=  $8  J5,4ot).72  X  1.0082G484 
=  ?8o2,444.28. 


tw^  M  imm 
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True  Price X(1.025)S  =  $852,441.28X1.01659798 

=  $806,593.14  =  $846,593. 14 +  $20,000.00 
=  Tabular  value  as  at  1  January  1911+vakie  of 
coupon  then  due. 

First  Method: 
Tabular  value  as  at  1  July  1910 $845,4.56.72 

Two    months'  interest    at    4*^^    on 

$1,000,000 $6,666.67 

Less  4  months'  "discount"  at    5% 

on  $6,666.67 111.11        6,555.56 

Approximate  price $852,012.28 

Error  in  defect 432 .  00 

True  Price $852,444  .28 

Cost  price  as  at  1  September,  1910 $8.52.012.28 

4  months'  interest  thereon  at  5% 14,200.20 

$866,212.48 
Value  of  coupon  due  1  January,  1911 20,000.00 

Purchaser's  value  as  at  1  January,  1911 $846,212.48 

Error  in  defect 380.66 

Tabular  value  as  at  1  January,  191 1 $846,593. 14 

Second  Method: 

Tabular  vtilue  as  at  1  July  1910 $845,456.72 

Two  months'  interest  at  5*^    on 

$845,456.72 $7,045.47 

Less  4   months'   "discount"   at   5"^^^ 

on  $7,045.47 117.43        6,928.04 

A|iproximate  price $852,384.76 

Error  in  defect 59 .  52 

True  Price $,S52,444  .  28 
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Cost  price  as  at  1  September,  1010  $8o2,384  76 

4  months'  interest  thereon  at  5% 14,206.41 

.,  ,        ,  $866,591.17 

Value  of  coupon  clue  1  January,  1911  20,000.00 

Purchaser's  value  as  at  1  January,  1911 $840,591   17 

Error  in  defect '     j  ^,7 

Tabular  value  as  at  1  January.  1911 5846,593. 14 

Third  Method: 
Tabular  value  as  at  1  January  191 1  with  coupon.  $800.59:5.14 
Four  months'  interest  on  $1.  at  .")^;  is  .016 

Approximate  price  =  $866,593.1 4 -M .01 6 $852,386.69 

Error  in  defect 57  59 

'^^^^'Pric^ $852,444.28 

Cost  price  as  at  1  September,  1910 $852,386  69 

Four  months'  interest  thereon  at  5% 14,206.45 

v  ,        ,                 .  $866,.')93.14 

\aluc  of  coupon  due  1  January,  1911 20,000.00 

Tabular  value  as  at  1  January  1911  (no  error). .    $846.593. 14 
Fourth  Mctiiod: 

Talnilar  value  as  at  1  July  1910 $845  450  72 

1  wo  months'  interest  thereon  at  5^^ 7,045  47 

Approximate  price $852,502  19 

Krror  in  excess bl  ^\ 

'^"'^  ^^''^^ $852,444.28 


'5s«^i. 
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Cost  price  as  at  1  September.  1910 $852,502. 19 

Four  months'  interest  thereon  at  5% 14,208.37 

$866,710.56 
Value  of  coupon  due  1  January,  1911 20,000.00 

Purchaser's  value  as  at   1  January,  1911 $846,710.56 

Error  in  excess 117.42 

Tabular  value  as  at  1  January,  1911 $846,593. 14 


19.  In  the  first  method  of  approximation  the  underlying 
arj;ument  seems  to  be  tiiat  the  only  change  in  value  from  one 
coupon  date  to  the  ne.\t  is  due  to  the  accrued  bond  interest. 
This  is  of  course  a  serious  error  unless  the  bond  rate  is  close  to 
tile  investment  rate.  The  method  produces  an  error  in  defect 
when  the  bond  rate  is  less  than  the  investment  rate  and  vice 
versa:  this  error  increases  with  the  time  since  the  last  coupon 
date.  The  method  probably  owes  its  origin  to  a  confusion  be- 
tween selling  on  a  yield  basisand  selling  at  a  price  and  interest. 

In  the  second  method  of  appro.vimation  the  underlying 
argument  is  sound,  but  the  attempt  to  correct  the  error  of 
simple  interest  can  hardly  be  called  successful.  The  method 
always  pnxluces  an  error  in  defect.  The  error  is  roughly 
ecjual  to  half  the  "discount"  item,  and  it  is  greatest  about 
half  way  between  two  coupon  dates. 

In  tlie  third  method  of  appro.vimation  the  underlying  argu- 
ment contains  the  error  of  "simple  interest".  The  method 
ah.ays  produces  an  error  in  defect  which  is  uniformly  slightly 
less  than  the  error  of  the  second  method. 

In  the  fourth  method  of  ajjproximation  the  underlying 
argument  contains  the  error  of  "simple  interest".  The 
method  always  |)roduces  an  error  in  excess  nearly  equal  in 
amount  to  the  opposite  error  of  the  second  method. 

The  advantage  of  the  error  in  defect  is  that  it  will  be  more 
or  less  compensated  by  the  error  that  the  purchaser  will  make 
at  the  next  coupon  date  when  he  adds  simple  interest  for  the 


n;1 


11. 
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time  he  has  held  the  bond.     The  third  approximate  method 
IS  such  that  this  "compcnsatinn"  is  complete. 

The  second  approxir„ation  is.  as  already  mentioned,  the  one 
in  common  use  m  Canada  today;  -et  it  is  frequently  used  with 
a  bond  table  to  only  two  places  of  decimals.  The  result  of 
using  so  "short"  a  table  is  to  introduce  initially  an  error  which 
may  be  as  great  as 

$50.00  on  $1,000,000.00  of  bonds 
or  5.00  on  100,000.00  of  bonds 
or       .50  on  10,000  00  of  bonds. 

Not  a  very  serious  error,  but  one  whi.  renders  the  subsequent 
Items  of  "interest"  and  "discount"  carried  out  to  the  nearest 
cent  an  absurdity.  This  lack  of  "  the  sense  of  the  fitness  of 
thmgs  may  be  seen  on  almost  any  statement  of  any  bond- 
dealer  who  sells  on  a  yield  basis.  If  the  bond  value  used  be 
true  to  the  nearest  ?1.00,  then  the  interest  and  discount 
Items  should  also  be  carried  out  only  to  the  nearest  51.00. 

^  -'0.  It  is  usual  for  the  coupon  dates  to  correspond  with  the 
uuv  .late  of  the  bond.  For  example  if  the  bon.l  be  due  on  a 
■nh  .\l.,y,  the  coiip,,ns  are  usu.illv  due  on  .-)th  Mav  and  mh 
N..veml.er  m  e.uh  year.  But  su<  h  a  correspondence  is  not 
always  ob.served.  Consider  the  foilowinR  case  which  is  not 
an  unai;inary  ono. 

Bonds  for  5100,000  at  4^7  due  on  1  January  19.30.  had  half 
yearly  coupons  dated   1  May  and  1  November  in  each  year 
and  were  sold  on  1  Marcl,  1910  to  yield  the  purchaser  5^'  com- 
pounded half  yeaHy.     To  find  the  price,  we  uill  use  the  second 
method  of  approximation  referred  to. 

With  the  capital  there  must    be    payable  coupons  for  two 
months'  bond  interest,  that  is,  5606.67. 
The  value  as  at  1  January  1910  of  the  capital  and 

these  coupons  is  5100,606.67  v*"  at  2'.^';-  = 5,37,491 

Add  two  months'  interest $312  4  " 

less  four  months'  discount *     52         307 


\aiuc  of  Capital  and  last  coupons  as  at  1  March  1910  537,798. 
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The  valu^  of  all  the  other  coupoKS  as  at  1  November 

1909  is  S2,000  flini  at  2K'1 $30,2(K,. 

Add  four  months'  intt-rcst $S3G.S 

less  two  months'  discount 7.0         830. 

\'aliie  of  the-  other  coupons  as  at  1  March,  1910   .  .  .  S51,0:iG. 
Total  value  of  bond  as  at  1  March,  1910 $88,834. 


21.  The  iii\er?.e  problem  j;i\eii  the  i)ri(e  to  fiti<l  tl;e  \  ielt! 
is  practically  of  very  great  importance  and  while  the  inle.-est 
and  bond  tables  availai)le  gave  inxestment  rates  only  at 
considerable  intervals  the  problem  was  by  no  means  a  simp-le 
one.  The  best  results  were  given  by  the  formulae  of  I-'inite 
Dififerences.  Now  thai  bond  and  interist  tables  are  published 
for  investment  rates  proceeding  by  one  twentieth  of  l'~(  liic 
[iroblem  has  practically  lost  its  <lifficullv. 

Consider  a  l'^  40-year  bond  w hich  sells  at  93 J4.  The  Bond 
tables  shew  that  such  a  bond 

would  yield  4.35^;:^  if  sold  at  93.39; 
or  yield   4.30%  if  sold  at        94.30. 

That  is  an  increase  of  .91  in  the  price  produces  a  drop  of  .0.3 
in  the  yield. 

Therefore  a  price  of  93.50  corresponds  to  a  yield  of 
4.35 -. 006  =  4.344f;c. 

*22.  li  we  know  the  price  at  w  hich  any  loan  i-,  issued  \ve  can 
u>e  Makeluun's  formula  to  find  a  close  aiipmximalion  to  the 
yield. 

Changing  the  formula  algebraically  into  the   form 

C  —  A 
'  =  7  +     — ^  1   will  give  the  best  results. 

To  use  this  formula,  we  make  the  best  guess  we  can  at  i  and 
inter|iret  the  right  hand  side  of  the  eciuation  in  accordance  with 
that  guess.     The  result  should  be  \  ery  near  the  truth. 

Suppose  that  a  '/[  debenture  with  half  yearly  coupons  and 
redeemable  at  10.")  in  20  years  is  sold  at  1 13.G7.  What  will  be 
the  yield  to  the  purchaser  .' 
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i%  will  be  a  fair  guess. 

At  thisrate  A'=105t«at  2%  =  47.55 
C=105  :  f->4  =  -8.67    :  C-A'  =  57.45 

J  -  --^r   =  .04762. 
105 

•■■  1  =   04702  -     ^-^'^  X  .04 
57.45 

=  .04702— .00004  =  .04 1 58  or  4. 1 58%. 

Oiirj;iicsswastoolo\v.     I.ct  ustry^K^^. 

At  this  rate  A'=  105  i«  at  2  ■  ,7^  =45-28. 

C-A  =  -  8.07  and  j  =  .04702  as  before 

C-K  =  5'J.72. 

..,  =  .04702- J  [i^x. 0425 

=  .04702-.00017  =  . 04145  or  4.145^0. 
A  trial  rate  c.f  4Vr  prociiiced  4.158%- 
A  trial  rate  of  4,54 ';  produced  4.145%. 
.-.  the  true  rate  is  (4+.v)  %  where 
x:}4::.m-x:  .013  orx  =  .150. 

The  required  rate  is  4.150%. 

12:5.  A    re.i.litr    .iKthcd   of   fi.Klin^   ,he   vidd   woul.l    he  as 

Since  the  bond,  bought  at  113.07.  will  be  redeemed  at 
lOo.  there  will  be  a  loss  of  8.07  on  redemption.  To  make 
good  th.s  loss  there  should  be  set  aside  out  of  each  coupon 
a  sum  e<|ual  to  8.07  s^  at  the  yield  rate.  Taking  4%  as 
our  first  guess  at  this  yield,  we  have  8.07  5-'  at  2%=  .1435 
But  each  coupon  is  worth  2.5.  This  leaves  2.3505  as  a 
uniform  '.alf  yearly  return  on  a  capital  of  113.07  which  will 
remain  intact;  that  is.  a  yield  of  4.140%.  Trying  4^'  we 
have  8.07  5-'  at  2 ' .  %  =  .1397.  This  leaves  2.31503  Is  the 
^fl  ;T^c'-'  '"'■"'"'"  ""  ^''''  unimpaired  113.07  ;  that  is,  a  yield 

A  trial  rate  of  4%   produced     4.140%. 
A  trial  rate  of  4'4%  produced     4.1.53%. 
Therefore  the  true  rate  is  (4  +  ^:)%, 
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where  x  :  .25  :  :  I-.146  :  .007. 
and  the  required  rate  is  4.15%. 


or  x=.15, 


24.  When  neither  a  bond  table  nor  an  intfrest  t.ibii-  is 
av.iiiable  a  fairly  close  appro.ximation  to  the  rate  may  be 
obi. lined  by  an  aigebr.iic  fornuila.        /- 


.'    ■-.'-.'■ 


C 


/. 


lence 


onsider  a  bond  for  1  be^ring  coupons  at  j  and  due  n  periods 
bought  at  l+p.     To  find  i,  the  yield  rate. 


Now  p  =  (j  —  i)  aTj  at  rate  i. 


or 


l-i>"      l-(l+t)- 


=  n 


(-=^0 


approxi- 
mately. 


,.'L(izL)  =  (i_'L±i,)-'  = 


1  H r— 'approximately, 


2  /  2 

.                    2{jn-p) 
whence  »  =  - — - — . 

n(2+p)+p 

Example:  A  4%  bond  with  half  yearly  coupons,  and  having 
25  years  to  run  is  bought  at  113%.     To  find  the  yield. 
Herej  =  .02  :   n  =  50  ;  p  =  .13 
2(1 -.13) 


1  = 


J/74 
106.6 


=  .0163, 


50X2.13  +  .13 

or  a  yield  of  3.26%  per  annum. 

The  true  yield  is  3.24  %  per  annum. 

If  the  bond  be  sold  at  a  discount,  the  formula  becomes 

.  ^    2{jn-\-d) 
n{2-d)-d 

Example: — A  4%  bond  with  half  yearly  coupons,  and  hav- 
ing 25  years  to  run  is  bought  at  92;i%.     To  find  the  yield. 
Here;  =  .02  ;  n  =  50  ;  (f  =  .075 

■    ,■  =       2(l-f.075) ^      2.15 

50  X  1.925 -.075        'JU.175 
or  a  yield  of  4.47'J(  per  annum. 
The  true  yield  is  4.50%. 


=  .02235. 
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Price 

108.44  KmO 


2.-5.  TIic  values  „f  the  i.uerost  functions  i--  and  «-  m  iv 
-  y  l.e  .eWuced  for  all  the  investment  rates  of  inte;j:;t  :;^ 
■^|1  |lH.  unexp,re.l   tern,,  of  the  ho„<ls  sch.lule.1  in  the  bond 

For  example  the  bond  table  contains  the  following: 
Investment  Bond  Unexpired 

ixare  term 

3.60^7;  AO/  ,f. 

^  */c  40    years 

which  means  that  at  \.S% 

100r'o+2a,;ir=108.444f,50 
but    100f»''-fl.8fl^,;  =  ]0f). 

.'.  .2a;7,j  =  8.444G-)0 

or  a,„  =42.22;i25 

•'■   2  a,7^  =  84.4465 

.'.   100  t'«  =  2.1.00Slo 

or  f^  =.23998 IT) 

or  using  the  bond  table  to  obtain  both  equations  ^.  e  have 


Bond 
Rate 

*  /o 

f\C' 


Unexpired 
term 

40  years 
40  years 


Investment 

Rate 

3.00% 

3.60% 

which  means  that  at  1.8% 

100  r*+2asi=  108.444650 
100  t;"'+3a«i;;=  150.667900 
•  .og;;;  =  42.223250 
as  above. 


Price 

108.444650 
150.667900 
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CHAPTER  IV. 
Annuity  Bonds. 

1.  As  \vc  saw  in  a  prt'vioiis  ihapttT,  a  loan  of  SIO.OOO  at  5''; 
compounded  half  yearly,  may  bo  repaid  by  ten  semi-annual 
payments  of  SlO.OOO  a0  at  2'^'  [  =$1,142.59  each. 

.At  the  end  of  the  first  half  year  tlie  borrower  will  pay 
SI, 142. 50,  consislinj;  of  S25()  interest  and  $S92.59  which  must 
be  a  return  of  capital,  leaving  <9, 1U7. 41  capital  still  outstandiiiK- 
At  the  end  of  twelve  months  the  interest  on  this  will  be  only 
5227.09  so  that  the  second  payment  of  the  annuity  will  cou- 
t.iin  5914. 9U  capital.    This  [iroccss  may  be  scheduled  as  follows: 

Schedule  illustrating  the  repayment  of  a  loan  of  SIO.OUO.  at 
5'c  compounded  half  yearly  by  a  live  year  semi-annual 
aimuity  of  $1,142.59  each  half  year:— 


Seniiann.  iiavmt 
Yr     Ititirisl 


.     ,      Capital 

nt  of  '.  , 

u-ii.ml 


Capr 


1      f:,5()  (X)        fS92  .JO 


2 
3 


09 


204  SI 


181  37 


l.J7  34 


'.)14  90 

937  7S 

9;11  22 

9S.-)  2.'> 


Capital 

still   i.ut- 
j-tamUiv 


Vr. 


r.   132  71 


107  40 


1,009.88 
1,035  13 


SI  58   1.001  01 


2,74.-)  27 


4,t'.91  71 


0,736  7,' 


,797 


'.107    tl 

1 

S.192  .")1 
7,2,'-)4  73 

3 

<i,203  .■,! 

4 

.'■..;;os  2ii 

5 

4.29S  3S 

6 

3,203  25 

';      7 

202  24 


8 


55  0t>   1.087  53  !  8,885  29 


IQi 


27.88       1.114  71     lO.oOO  00 


1,114  71  I    9 


0  00  i   10 


e^?r? 
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2.  Bond-  under  whi.li  I„ans  arc  ri'paid  in  this  mannrr  arc- 
known  as  Annuity  Bonds.  They  arc  issuc.i  for  a  nominal 
am.,unt  and  at  a  nominal  rate  of  interest.  l)ul  are  of  courie 
I'ouKl.t  as  an  investment  to  yield  an  appropriate  investment 
rate  of  interest. 

■">■  Annuity  l„,nd  I  iMes  |,ave  been  puMishe,!  an<l  doui)tless 
iire  UM<!.  Init  tliey  are  n-,t  sati-fartorv.  Annuilv  l.,,nd.  fre- 
quently provuie  f,,r  yearly  payments,  hut  the  r,,nventi(,nal 
yiehl  Imsis  is  ;.  rate  o.mpoun<le<i  half  vearlv.  It  will  l.e  foumi 
more  sati^laelory  to  <le.il  with  such  bonds  l.v  usin^  the 
ordinary  intere-t  t.d)les. 
Consider  a  twenty  year  annuity  bond  for  510.000  issued  at  a 
nominal  5''  with  half  yearly  payments  and  bought  by  an  in- 
vestor to  yield  him  o';','  compounded  half  yearly. 

1  he  bond  will  be  an  oblii,Mti(jn  to  pay  $10  000  a~-  at  '^'i'^ 
=  $;i'J8.;itJ  each  half  ye.ir  for  20  years.  ^"'       ''     '^ 

The  purchaser  will   pay  S;{9S.3()  a,^  at  234'%  =  $9,592  to 
obtain  the  refpiired  yield. 

The  first  paynu-nt  of  $:5!)S..30  will  consist  of 

$2G3.78  being  half  a  Ne.ar's  interest  on  the  investment, 
and  c.1;M..")S  being  a  repayment  of  capital. 
The  capital  then  outstanding  will  l)c  $9,457. 
The  ao.xt  pajment  of  $:{()S.;jG  will  consist  of 
$200.07  being  half  a  year'sinterest  on  capital  outstanding, 
and  >i;3S.L'9  being  another  rep.iyment  of  capital. 

The  capital  is  thus  written  down  from  half  year  to  half 
year  until  at  the  end  of  the  L'O  years  it  will  be  all  written  ofT. 
rheoretically  the  investment  might  have  been  treated  as  one 
prcKlucing  $J(i:{.7S  e.ich  lulf  ye.ir  for  interest  and  $i;}L59  as  a 
sinking  fuml  payn.eiit  tow.irds  the  reproduction  of  the  capital 
at  the  eml  of  the  investment  period.  Such  a  sinking 
fund  would  at  r-.';  compoun.led  half  vearlv,  produce 
$131..'-,S  ,„-  at  'iy,'[  at  the  eml  of  the  iwentv  years.  And 
S>131.58  5.,,  ar  2^";c  =S!I,592.  which  is  the  amount  of  the 
ca[)ital  invested. 

But  sinking  funds  can  seldom  be  accumulated  at  the  high 
rates  yielded  by  such  investments,  so  that  problems  such  as  the 
followinji  n^u-t  be  solved. 
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4.  A  municip.ilitv  isMifsa  twenly  year  >emi-ciiiiuial  annuity 
bond  for  S25.U0U  at  a  nominal  o':[ .  What  should  a  purchaser 
ofTtT  in  ordir  that  he  may  secure  5'  »<  t  on  his  investment  for 
the  wiu.le  time  and  reproduce  his  capital  intact  by  a  sinking 
fund  which  he  can  accumulate  at  ..nly  4' ;  :-  All  rates  are  to  be 
compounded  half  yearly. 

A  reference  to  the  interest  table  will  shew,  that  the  munici- 
pality must  pay  S'25.000  a]^  at  2'/  ;  =  ;?'J1>5.91  each  half  > ear 

for  twenty  vears. 

But  for  every  ?10,(IC)0  invested  by  such  a  purchaser  he  should 
get  each  half  year  52G2.5()  for  interest  and  also  $10,000  s'-^t 
2' ;  =sK)r)..^)l)  towards  his  sinking  fund;  or  for  each  ?42S,0G  in 
the  semi-annual  payment  to  be  received,  he  can  afford  to  pay 


$10,000. 


Therefore  he  will  bid  ^^^^^  of  $10,000  =  $23,266. 
42S.0u 


To  test  this  result: 

The  half  yearly  annuity  payment  is $995.91 

Half  a  year's  interest  at  o^^.c  on  $23,200  is 010.73 


Therefore  amount  available  for  sinking  fund  is 
and  $385.18  Sj^  at  2f;t  =  $23,200,  as  it  should. 


$385.18 


5.  To  value  an  annuity  bond  with  annual  payments  by  the 
conventional  iialf  yearly  compounded  investment  rate,  we 
must  find  the  equivalent  half  yearly  payment  at  this  rate. 

Consider  a  25-year  annuity  bond  for  $50,000  at  5^:;  with 
yearly  payments  to  be  valued  on  a  4J/,c  basis  compounded 

half  vearly.  .        _  .„ 

The  bonil  will  produce  $50,000  a^^  at  5^^  =  S>3,547.02  at 

the  end  of  each  year  for  25  years,  and  this  is  eciuivalenl  at  the 
investment  rate  to  $1,751.08  at  the  end  of  each  half  year,  as 
may  be  ^een  from  the  table  of  equivalent  payments. 

Therefore  th.e  value  required  is  $1,751.08  u,g,:  at  2;.4'% 
-$.52,331.92. 

Had  the  bond  been  issued  with  quarterly  payments  on  the 
same  nominal  basis,  these  quarterly  payments  would  have 
bfcn  $50,000  <;„;, ,  at  134^  =»»^»'  1  ^^^^i.  and  the  equivalent 


'II 

I'  I 
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half  yearly  payment  at  the  investment  rate  would  be  $1,767.31, 
so  that  the  value  refjuircd  would  have  been  $1,707.31  a^,dit 
2J4'1=S52,72G.G3. 

t).   '1  he  rcpaxnant  d'  ,i  Iikji  I)\   an  <iiinuit\-  which  includes 
caiiilal   wa>  well  as  intercut    ni.iy   le  ^l;<.\\n  algebraically  a^ 

folln\\>: 

Schedule  illustrating'  the   reiKument    wf    a   loan  of 

1  —  I    . 

flni  =  by  an  .mnuity  of  1  for  n  periods: — 


'I'lu-  rtli  |iayiiu-nt 
IVriMtl      ,,f  I  (  ..11-1,1,  ,,f  T,  i.il  C.ipit.i,  rfp.iM  ,Jtir  the  rth 

p.iyn.ciit. 


1 

2 
3 

r 

Ac. 


buiri-t.  f.iiiit.il 

l-r" 

l-i,"-'  ,    ,,"   ' 

l-i,"--  J."--' 

cS:r.  &r. 


'l  _  „"  "  '  '  '   „n-r  (  I 

1  —  I'  r 


„'i_i_,,«- 1 


v'  +  v''-'  + 


n    II 

=  a 


"  J.  u 


^«-i: 


a. 


a. 


&r. 


\c. 


1-r 


V 


"  nl  -  rt  . 


&r. 


a 


r  +  i'-  +  i^+....^-v''-^+v''  =  a^. 


&.C. 

0 


It  will  l)e  noticed  that  die  repayments  of  ca[)ital  form  an 
nun-asinj;  geometrical  series  wiih  a  common  rat-'o  l+i;  or 
the  caiiital  contained  in  any  annuity  payment  exceeds  the 
capital  contained  in  tlu'  iirevious  [).iyment  by  the  Miterest  on 
thclattei  capital,  since  the  interest  in  any  pa\  nient  is  le^s  th.in 
that  in  the  iirevious  payment  by  the  interest  on  the  capital 
rc|>aid  1)\    that  pre\ifius  pa>inent. 

7.  When  a  loan  of  this  ch.u-.icter  h.is  been  in  pnigro-  for 
some  years  it  m,iy  liai)i)en  th.it  the  (|ui>>ti(in  of  redemption 
Will  arise,  MxCl.  m  the  .ib^ence  of  atiy  pre-arrauned  and  delmite 
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agreement,  disclose  a   wide  divergence  of   views.     Consider 
the  following  case. 

!•  ive  %  cars  ago  a  loan  of  $10,000  was  made  on  a  5^r  basis  to 
be  repaid  by  a  15-year  semi-annual  annuity.  The  semi- 
ai^niial  pavmcnts  which  included  capital  as  well  as  interest  were 
510,000  a^  at  2"2rc  =$477.78  each.  The  tenth  payment 
having  just  been  made,  the  question  of  redeiiiption  has  arisen. 
The  borrower  would  certainly  regard  5177.78  ar^  at  2' j'/o  - 
S7,HS.  as  the  capital  outstanding,  an.l  tills  is  the  amount  that 
would  be  s'  wn  bv  a  schedule  such  as  that  on  page  (>:?.  The 
lender  hoxx  er  might  refuse  to  discount  the  future  payments 
at  more  than,  say,  A'r, ,  claiming  that  he  could  not  reinvest  the 
money  with  equivalent  security  to  yield  him  more  than  that; 
and  $477.78  a,o,  at  2^c  =  S7,812.  which  is  considerably  in 
excess  of  the  borrower's  idea  of  the  capital  outstanding. 

\.,w  suppose  that  the  lender  sells  the  security  to  a  third 
pariv  who  buy.,  it  at  a  price  to  yiel.l  him  i^'"'  comp.nmded 
lialf  yearly  and  to  allow  for  the  redemption  of  his  capital  by 
a  sinking  fund  which  he  can  accunuilaie  at  only  4'^;,.  For  every 
■^^lOOO  in  the  purchase  price,  the  semi-annual  payment  should 

contain  for  interest ^-i---* 

and  for  the  sinking  fund  $1000  .^.-'  at  2' ,'  =54U6. 

Therefore  for  each S02.41  in  the  semi- 
annual  payment   such   a  purchaser  would   give  >1000. 

He   will    therefore    pay  "*' "' ^^'f   $1000  =  $7,GoO.   for   the 

02.  41 
security  and  each  payment  of  $477.78  will  give  him  $102.09 
for  interest  and  $:515.00  towards  his  sinking  fund. 

Suppose  further  that  after  another  two  years  and  im- 
mediately after  the  fourteenth  semi-annual  payment,  the  cpies- 
tion  of  redemption  arises  between  the  borrower  and  the  present 
holder  of  his  debt.  The  borrower  will  <mi  the  same  basis  iis 
formerly  estimate  t!u'  capital  outstanding  to  i)e  $477.78  a,«| 
at  2H''o  =  $'J.-'^7-  "'^'  o^^'"^"'  "f  ^^^^  security  will  however 
properly  regard  it  as  being  worth  his  pun  hase  price  less  the 
arrisnuiliited  amount  of  his  sinking  fund,  that  is 
$7,050. -$315.09  5Ti  at  2% 


i 


H 
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=  57,t)5()  -SI  ,20!)  =  5ti,:5o7. 

Ind(v(l  tln'  lidldir  may  cvi'ii  refuse  to  discount  tlii'  future 
payniLiits  duo  liiiii  at  more  than  l'  ',  at  which  rate  he  knows  he 
can  reinvest.  On  this  lia.-is  he  would  claim  Sl77.7Sanr  at  2^c 
=  ?t),487. 

In  the  al)sence  of  an\  jirior  a>;reement,  it  would  ai)i)ear  that 
if  the  hornnver  is  anxious  to  rep.iy,  he  can  do  so  only  on  terms 
aKreeahle  to  the  holder  of  his  security.  On  the  other  hand, 
should  the  doire  for  rideini)tion  come  from  the  holder  of  the 
security,  lie  must  accept  the  borrower's  terms  unless  he  can 
sell  to  better  a(l\anta:^'e  somewhere  else. 

S.  I  he  annuity  bond  jiossesses  obvious  advantages  from  the 
issuer's  i)oint  of  view  when  the  redemption  of  the  capital 
must  be  efTected  by  charges  against  income;  but  it  is  not  a 
suitable  investment,  generally  speaking,  for  pri\atc  funds 
owing  to  the  fact  that  the  capital  comes  back  in  small  sums 
unsuitable  fur  reinvestment,  even  if  the  holder  has  the  skill 
to  separate  each  payment  into  its  a  mjionent  [larts. 

In  the  hope  of  making  the  issue  more  attractive,  some  muni- 
cipal corporations  have  adopted  an  ingenious  plan  by  which  the 
issuing  corporation  obtains  all  the  ad\antages  of  an  annuity 
liond,  and  yet  each  holder  of  any  part  of  the  security  has  a 
straight  term  bond  with  the  usual  coupons.  Consider  an 
issue  of  SoO.OOO  of  r,'",  bonds  to  run  for  :50  years. 
The  ecjuivalent  half-yearly  pavment  is 

SoO.OOO  «,:J  at  'i'/ ,' =>1, (117.07. 
But  the  first  half  year's  interest  is  only  SI, 250.00 
Therefore  the  issue  is  divided  as  follows: — 
One  n(jnd  tor   S-5<)7.()7  due  six  month-,  after  issue  and  carry- 
ing one  cou])on  for  S'.t.lO. 
One  Hoiul  for  5;?7t').S(i  due  1   year  after  issue  and  carrying 

two  (oupons  for  S!).42  each. 
One  Hoiid  for  S;}M).2^K  due  1  ',  years  after  issue  and  carry- 
ing three  coupons  for  SO. 00  each. 
One  Bond  for  SL{0."i.O}  due  2  years  after  issue  ,ind  c.irrying 
four  coupons  for  SO  00  each. 
&c.  cS:c.  &c.  &c. 
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One  Bond  for  $1,578.21  due  30  years  after  issue  and  carry- 
ing 00  coupons  for  $39.46  each. 

Under  such  an  issue  there  will  fall  to  be  paid  one  bond  and 
a  diminishing  number  of  coupons  each  year  but  the  one  l>ond 
and  the  coupons  payable  will  always  aggregate  51,017.67  each 
half  year. 

0.  Due  other  unusual  form  of  annuity  bond  may  be  illus- 
trated. 

An  issue  of  §20,000  at  oTr  with  the  usual  half  yearly  coupons 
for  ihe  first  five  years;  after  5  years  the  loan  to  be  repaid 
by  a  semi-annual  annuity  running  for  twenty  years  longer. 

Such  a  bond  will  produce  $500  each  half  year  for  5  years,  to 
be  followed  by  semi-annual  payments  of  $20,000  a^'  at  2Jj9c 
=  $790.72  each  for  the  next  twenty  years. 

The  value  of  such  an  issue  on  a  o^'^c  ''asis  compounded 
half  vearly  is  obviously 

$500  anil  at  25,s7c =   S  4,347.90 

-f$790.72(a55i-aiIT:)at2?«<7t =      15,114.71 

519.462.61 


' — r~ 

10.  Annuity  bond  tal)les  giving  prices  on  a  percentage  basis 
are,  as  has  been  saitl,  not  at  all  satisfactory  to  the  man  who 
fully  understands  the  as^-umptions  underlying  the  given  prices; 
and  to  one  who  does  not  clearly  appreciate  these  assumptions 
such  bond  tables  are  dangerous  tools  to  use.  It  should  be 
noted  however  that  the  ordinary  straight  term  bond  tables 
enable  one  to  value  any  annuity  bonds,  since  from  such  tables 
the  interest  functions  v"  and  a;ri  may  be  readily  deduced  as 
indicated  on  page  02. 

11.  When  an  annuity  IhhuI  is  bought  between  two  [).iynient 
dates  on  a  yield  basis  the  interest  adjustment  may  be  made  in 
one  of  three  ways,  all  regardless  of  the  nominal  bond  rate. 

Coti'^ider  an  annuity  bond,  under  which  20  annual  p.iyinents 
of  $1000.  each  remain  to  be  made,  bought  3  months  after  a 
payment  to  yield  the  purchaser  4*,,  compounded  half  yearly. 
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We  should  first  ascertain  the  equivalent  half  yearly  payment 
at  4<7c— this  will  be  S495.05. 

First  Method: 
The  value  as  at  last  payment  date 

=  5495.05  aiiT,  at  2^1 =  513,542.33 

add  3  months'  interest  at  i^l  on  513,542.33  =  5135.42 

less  3  months' discount  at  4'7;  on  5135.42=       1.35        134.07 


Price 513,676.40 


Second  Method: 
The  value  as  at  last  payment  date 

=  5495.05  aio,  at  2'r'c 513,542.33 

Add  3  months' interest  at  ■l';i  on  513,542.33 135.42 


Price 513,677.75 

Third  Method: 
The  value   as  at   next  payment   date 

=  5495.05  il+a^)  at  2';^ ="513,813.18 

One  dollar  at   interest   to    next   payment  date 

will  amount  to 51.01 

Therefore   price  is  513,813.18^1.01 =$13,676.41 

The  true  price  is  513,542.33  X(l. 02) i 
=  513,542.33X1.009955 
=  513,677.14 
The  error  of  the  first  method  is  74  cents  in  defect. 
The  error  of  the  second  method  is  61  cents  in  excess. 
The  error  of  the  third  method  is  73  cents  in  defect. 
The  first  method  is  the  one  generally   used  and,  as  with 
straight  term  bonds,  it  will  always  give  an  error  in  defect  which 
will  always  be  about  half  the  "discount  "  item. 
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CHAPTER  V. 
Bonds  from  the  Issl-er's  Point  of  View. 

1.  \V('  have  hull  looking  at  bond  i->in.->  fniiii  tlif  invi'>t(ir"> 
point  of  \ic\v.  It  may  not  !)t'  out  of  place  to  coiisidir  such 
issues  from  the  point  of  view  of  the  issuing  corporation. 

2.  As  to  tlie  nominal  bond  rate,  it  is  within  limits  immaterial 
theoretically  what  Ixmd  rate  is  used.  If  the  corporation  can 
borrow  money  at  l''[  compounded  half  yearly,  then  a  4'  [ 
bond  can  be  issued  at  par.  A  SJi'^t  ''ond  ^^'1'  ^^-11  below  par 
and  a  4'2';X  I'ond  will  sell  above  par.  The  following  prices 
will  be  found  in  any  tableof  bond  values. 

A  iJ'^Tc  20-year  bond  to  yield  4^"^  sells  at  93.16. 

A  4  'c  20-year  bond  to  yield  4';;  sells  at  100.00. 

A  4 '  2%  20-year  bond  to  yield  ¥'[  sells  at  106.84. 

The  difTerence  6.84  in  either  case  is  merely  the  cash  value  of 
the  difTerence  in  the  coupons.  The  '.i' 2^[  l)ond  will  produce 
less  cash  and  entail  a  correspondingly  smaller  annual  charj;e 
for  coupons.  The  4^2^ '<  bond  will  produce  more  cash  and  en- 
tail a  correspondinRly  larger  annual  charge  for  coupons.  The 
corporation  cannot  borrow  more  cheaply  by  printing  a  smaller 
bond  rate  in  the  securities  it  is  about  to  issue.  It  will  generally 
be  advisal)le,  however,  to  insert  a  bond  rate  as  near  as  may  be 
to  the  investment  rate  at  which  the  securities  will  sell,  since 
in  many  cases  investors  find  it  inconvenient  to  buy  at  either 
a  considerable  premium  or  a  considerable  discount.  Bonds 
that  are  selling  to  the  public  at  a  discount  "look  cheap" 
an<l  mav  prove  .ittraclive  on  that  score  to  sonu'  bu\ers; 
but.  as  most  bond-salesmen  know,  many  private  investors 
do  not  like  bonds  quoted  at  a  discount,  fearing  that  such  a 
quotation  implies  a  weakness  in  the  security;  while  others 

the  coupons  last  for  only  a  limited  time  and  that  tla  bond  will 


72 


Interest  and  Bond  Values. 


ultimately  he  paid  olT  at  par.  To  a  man  of  the  latter  type 
the  ■iy2''c  I'ond  selling  at  100.84  seems  to  give  a  better  return 
than  the  '.ih'l  bond  selling  at  93.16. 

'■i.  It  is  worth  noticing  that  if  the  issuing  corporation 
niu.st  meet  the  bonds  at  maturity  by  means  of  a  sinking 
fund  accumulating  at  a  rate  lower  than  that  at  which  they 
can  sell  the  issue,  then  to  issue  the  bond  at  a  premium  will  be 
the  cheai)er  proceeding. 

Consider  a  bond  for  1  due  «  periods  hence  and  bp.iring 
coiq^ons  for  /;  per  period.  The  bond  will  sell  to  y  .u  the 
purchaser  /  i)er  |)eriod,  but  the  sinkii^;  fund  can  be  accumu- 
lated at  only  j  per  period  where  7'<.. 

The  selling  price  is  //  (J^i  +  'c"  at  rate  i. 

The  periodic  charge  is  lt-\-s—  at  rate  ;. 
/;+5-  ' 


I'or  economy 


«  ;  (.;) 


//  a: 


(<■) 


+v' 


should  be  a  minimum. 


(i) 


But 


-I 


/,    „-       4--,"  "I  (•)  ^  I,   I   o-i 


-1 


.\'()W  (J- ,^.^  depends  on  y  which   is  beyond  the  issuer's  con- 


.-1 


trol.     Also  since  j<i,  5-'    >5-,',.,  and  therefore  the  fraction 
;^  ]  ,^.-1      \vill  he  a  minimum  when  /;  is  a  maximum. 

/■I  (i) 

Supi.ose  that  in  the  issue  we  are  considering  it  is  possible  to 
accumulate  the  sinking  fund  at  only  3'^^  compounded  half 
yearh.  Then  i^l.OOO  5^^  at  1  Ja'/'c  =='>18.43  will  be  required 
for  the  sinking  fund  to  retire  each  51,000.  of  the  issue  no  m.atter 
what  the  bond  rate  may  t)e. 

The  ^l^^'c  bond  will  entail  a  semi-annual  charge  of  $35.93 
per  SIOOO.  for  coupons  and  sinking  fund  and  will  produce 
S931.60  in  cash  on  a  4^;   basis. 

The  ■{';'(  bond  will  entail  a  semi-annual  charge  of  $38.43  in 
return  for  51000.00  cash  on  a  4*^;  iusis. 

The  -1^2^71  bond  will  entail  a  semi-annual  charge  of  $40.93 
in  return  for  $10G8.40  on  a  \^[  basis. 


w 
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But 


and 


35.93 

931^60 

38.43 

1000.00 

40.93 


=  .03857 


=  .03843 


=  .03831. 


1,0(;S.40 

This  shews  that    to   i>Mif   the  4Ji'j    LdikI 
tl.i-  cheapest  way  to  borrow  in  tliis  t\l;^e. 


ill   be  really 


4.  As  to  tlie  term  for  whirh  the  bonds  should  run  it  is 
ol)viously  generally  better  to  issue  loi.„  term  bonds  w  icn  in- 
vestment rates  are  low  and  vice  ver  a.  The  standard  illus- 
tration usually  referred  to  is  the  action  of  the  British  riovern- 
ment  in  selling  3%  annuities  during  the  struggle  against 
Napoleon  at  apparently  reckless  discounts,  instead  of  putting 
out  short  term  bonds  to  be  redeemed  as  the  public  credit 
rose  by  refunding  issues  at  bettor  prices.  The  exchequer 
bonds  issued  during  the  Boer  War  and  the  numerous  recent 
short  term  notes  are  cases  in  point.  Similarly  a  small  town 
in  a  rapidly  developing  district  of  the  North  West  m.ty  in  a 
few  years  be  in  a  much  stronger  position  financially  and  might 
be  well  advised  to  issue  bonds  for  only  a  moderate  term  in 
spite  of  a  general  low  level  of  investment  rate  that  may  be 
ruling  at  the  time. 

For  many  years  it  was  commonly  believed  that  the  general 
trend  of  the  interest  rate  from  hiuli  cl.tss  securities  was  to  be 
continuously  and  intleiinitely  downwards;  but  that  trend  had 
been  reversed  for  several  years  before  the  war  and  the  serious 
rise  in  the  price  level  of  commodities  or  fall  in  the  purchasing 
power  of  money  had  induced  a  belief  that  lenders  would  be 
forced  to  protect  themselves  by  demanding  higher  investment 
rates  of  interest.  Such  s[)eculations  regarding  the  future  of 
the  rate  of  interest  are  however  <|uite  be\ond  our  si   >pe. 

5.  The  choice  between  annuity  bonds  or  serial  bond>  and 
the  popular  straiglu  term  Lsue,  i::u:,l  fretjuently  pre;-,eiU  itbc'if 
for  decision  by  the  issuing  corporation.     The  straight  term 
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l)(intl  utuloiiljttdly  commands  a  brnader  market  and  is  often 
MippoM'd  to  indicate  a  certain  financial  prestige,  so  that 
municipal  is^iio  for  example  from  the  larger  centres  are 
ii-ually  in  thi^  form,  while  the  annuity  bond  i^  j;enerall\- 
adii|)ted  by  the  smaller  nniiii(ij)alities. 

Of  course  if  the  security  to  be  pledged  should  be  of  a  de- 
preciating; nature,  such  as  railway  rolling  stock,  it  may  well  be 
that  the  issuing  cftrporation  has  no  choice — that  only  a  serial 
issue  or  annuity  bonds  would  be  acceptable  to  the  purchaser. 
Hut  such  fiuestions  lie  outside  our  range.  Assuming  that  the 
test  of  figures  is  the  only  test,  we  can  always  decide  the  point. 

Consider  the  following  case.  It  is  intended  to  issue  $10, 000 
of  20-year  ^'"c  bonds  and  it  has  been  ascertained  that  if  the 
issue  be  made  in  the  form  of  straight  term  bonds  they  can  be 
sold  on  a  yield  basis  of  A' -^~'f_.\  but  if  the  issue  is  to  be  in  the 
form  of  annuity  bonds  they  can  only  be  sold  on  a  yield  basis 
of  r\]^''[ .  Assuming  that  the  straight  term  issue  will  demand 
a  sinking  fund  that  must  be  accumulated  at  A^'c,  which  will  be 
the  cheaper  form  of  the  issue  ? 

\Vc  will  assume  that  all  interest  rates  are  as  usual  to  be  com- 
pounded half  yearly. 

The  annuity  bonds  will  entail  a  semi-annual  charge  of 
510,000  a^J  at  2'/  ;  =$;;'.t8.36. 

The  straight  term  i.ssue  will  demand  each  half  year 

For  the  coupons $250 .  GO 

For  the  sinking  fund,  $10,000  i^^^  at  2^^ 165.56 

S415  56 

The  annuity  bonds  will  sell  for  ?398..36  a^^  at  2'^  ^'^c  =S9,793- 
The  straight  term  bonds  will  sell  for  the  price  quoted  in 
a  bond  table,  $10,159. 


But 


and 


398. 36        „,„,„ 
—  =  .04068 
9,793. 


415.56 
10J59. 


=  .04091. 


'    .!,,,,.,,,.    .".fi'a  Wii!  OC  ivaiij    tut:  i_iiL-apcr  nictnutl 

of  borrowing  in  this  case. 
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Init  if  tlu-  sinking  fund  can  be  invested  in  the  bonds  ii  is 
meant  t(j  redeem  or  in  other  securities  (jf  the  issuing  corpor- 
ation tlierc  sliould  be  no  inducement  to  put  out  an  aiiauity 
liond. 

ti.  The  treatment  of  the  liond  i>>ue  on  tlie  bofiks  of  the 
i--uing  corpiiration  ir^  liardly  witliin  our  xnpe.  but  it  iiia\  lie 
uill  to  point  out  tli.it  an\-  iireiniuni  or  di-count  at  nhicli  tlie 
bonds  ma\  l)e  sold  >lw)uld  iie\er  tin<l  ii^  wa\  into  a  re\eiuie 
account.  If  an  i--iue<if  >.")().(»()()  is  ^(;ld  at  UT,  the  initial  out- 
standing debt  in  re-pect  of  this  issUe  is  S48,"»)()  not  S5(),(iOU: 
and  eacit  coiip.on  as  it  is  met  will  not  pay  the  lull  interest  on 
the  debt.  The  difference  between  the  full  interest  jiayable 
.md  the  coupon  will  increase  the  debt  at  e.'.(  h  couiK.n  date, 
until  at  the  tlue  date  of  the  bom!  the  amount  will  be  increased 
to  the  <.j().()(M)  then  i)a\al)le.  ( 'n  the  other  hand  if  the  In  nds 
be  sold  at  101,  the  initial  debt  is  5.")"J.000  and  each  C(>u])on  will 
cont.iin  some  repayment  ol  that  debt  in  addition  to  the  lull 
interest  i^,i\able  upon  it,  until  at  the  due  date  of  the  bond  the 
debt  has  been  diminished  by  r^2.()(M)  lea\  ing  only  the  S."iO,(M)U 
then  payable. 
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CHAPTER  VI. 

Some   Problems. 

r  Twenty  thousand  dollars  was  deposited  with  a  Trust  Com- 
pany 30  years  a^o.  Kar h  half  year,  during'  the  past  25  years, 
$500  has  been  drawn  out,  the  last  payment  of  5500  having  just 
been  made.  How  much  shoud  now  be  to  the  credit  of  the 
account,  assuming  -ff  compounded  half  yearly  ? 
Had  nothing  been  drawn  out,  there  would  have 

been  $20,000  (1  +ir  at  2' I ?G5,620.62 

But    the  ha'f   yearly  drawings  now  amount  to 
$500  5^1  at  2% $42,289 .  70 

leaving  a  balance  of $23,330.92 

Or,  five  years  after  the  original  deposit  it  would  have  grown 
by  interest  to  $20,000  (l+ij'"  at  2'c  =$24,379.89.  Half  a 
year's  interest  on  this  at  4'"(  is  =$487  00. 

r?y  drawing  out  $.500,  the  interest  was  overdrawn  by  $12.40. 
These  excess  pa>ments  would  in  25  yars  a'nount  to 
$12.10  ,-.„,:  at  2^7  =?1.'H8.78.  Deducting  this  from  the 
$24,379.89  would  leave  $23, .331. 11. 

This  result  is  19  cents  in  excess  of  the  more  accurate  result 
above.  The  error  is  dui'  to  the  fact  that  amounts  are  taken 
to  llic  ne.irest  cent,  .md  so  ni,i\-  in  any  item  contain  ,m  error 
:int  gff.iier  ih.m  ,i  li.ilf  rent.  The  inierot  item  of  $487.t)0 
should  slnctly  he  $1,S7.5'.I78. 

a<A  IS  lending  $10,000  lo  B  for  5  years  at  5'^;  andBwishes  to 
have  the  right  of  redemption  at  the  i  iid  of  any  year  during 
the  currency  of  the  loan  at  .i  jre-arranged  price.  Draw  up  a 
schedule  shewing  the  rvdempii.in  price  at  the  end  of  each  year 
so  as  to  secure  to  A  the  lull  "i'  ;  on  the  whole  loan  for  the  whole 
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time  though  he  can  reinvest  at  3%.     Interest  is  payable 

half  yearly. 

At  the  end  of  the  first  year  af  er    the  interest  has  been 
paid  the  redemption  price  should  be 

SlO,000+S100a7]at  IM'-'c $10,748.59 

At  the  end  of  the  second  year  $10,000  +  $100  o;]7=  10,509.72 
At  the  end  of  the  third  year  $10,000  +  $100  aff.  .  =  10,385.44 
At  the  end  of  the  fourth  year  $10,000  +  $100  ayj.  =  10,195.59 

To  check  the  fot'rth  year  redemption  price. 
A  has  had  his  interest  up  to  date.     He  now  receives  and  de- 
posits at  3%  the  sum  of $10,195.59 

Add  six  months'  interest  at  3% 152.93 


$10,348.52 
Deduct  A's  half  yearly  interest  agreed  upon. .         250.00 


Add  six  months'  interest  at  3%. 


$10,098.52 
151.48 


$10,250.00 
Deduct  A's  half  yearly  interest  agreed  upon  250.00 


$10,000.00 


3\  Five  years  ago  two  loans  of  $10,000  each  were  granted  at 
4^,  the  one  repayable  by  anannuityfortwcnty  years  to  include 
principal  and  interest  and  the  other  by  equal  instalments  of 
$500  a  year  with  interest  on  the  principal  outstanding.  A 
third  party  has  agreed  to  take  over  both  loans  on  a  3li%  basis. 
What  should  he  pay  the  original  lender?  Interest  is  to  be  com- 
pounded yearly. 

CndiT  the  first  loan  there  arc  15  yearly  payments  of 
$10,000  a^  at  4%  =  $735.82  each  yet  to  be  made. 

The  value  of  these  on  a  '^!-i%  basis  is 

$73.''.. 82  a-..:  at  3>.<':;  =$8>474,74. 
Under  the  second  loan  there  are  15  yearly  payments  of 
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principal.  $500  each,  with  interest  at  4^^  on  the  outstanding 
principal  from  time  to  time. 

Makeham's  formula  is  here  most  suitable 
C=  $7,500.00 
^  =  So00a^at3K% =$5,758.71 

j     _     4     _    8  j 

'i~-yA   ~    7    ■■^    ^^'^^^   =     l''^«005 

The  value  heine C7  tiv;  -r 


'TAG'';  lionci  with  half  yearlycf)up(.nsis(lueon  I  July  IQ-'S 
and  will  he  re.leem.'d  at  105.  What  will  the  hond  yielrfif 
bouKht  at  112'.,  on  1  May  li.ll  l,y  a  purchaser  who  will  s.-t 
up  a  sinkiMK  fund  at  :V  I  compounded  half  yearly  to  replace 
the  premium  at  which  he  ixniKht.^ 

TakiuK  '  point  to  roughly  reproent  in -.rest  on  the  inve>^l- 
ment  for  t'.  •  2  months  iHlore  the  ne.xt  coupon  date.  The 
capital  investtfl  as  at  1  July  I'Jll  {n  113^, -3  =  ]  10.5, 

To  replace  the  5',  points  by  which  this  exceeds  the  r.-demp- 
tion  price  the  -inking  fund  will  demand  5.5^,;' at  1'/;  =.1.595 
out  of  every  coupon, leaving  2.S405  ior  half  a'vear's  interest  on 
an  investment  of  II  0.5  or  2.57' ;  i.e.  5.U' ;  per  annum. 

Our  initial  nnigh  a^umption  of  1  as  2  months'  interest  on 
1 12 '  i  was  at  the  rate  of  5  ' .;' ; . 

To  test  the  accuracy  of  our  result — ij.]¥" 

The  iirice  as  at  1  M.iy  l<,il  I  wa^  .  .  .  .' |  jo  r^^Q 

Add  2  months' interest  at  5.1 1',; "  itci 

r,    ,                        ,  113.404 

Deduct  coujjon  due  1  July •. 

Capital  in\csted  as  at  1  July  1<)11  .  ,  uy  ^^^^ 

Sinking  fund  reciuiii'nuiit  -5, 4(14  i    '  .n  1  '^f 

—    . i jS5 
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Therefore  the  investment  produces  2  8415  each  half  year  on 
a  capital  of  110.464  which  will  remain  intact. 

But  this  is  at  the  rate  of  , '  ,-  .7.  =  5.14%. 

1 . 10464 


t^The  debentures  of  a  company  which  bear  interest  at  5<ff 
payal)le  half  yearly  are  redeemable  in  10  yearstime  at  110,  and 
are  quoted  at  a  price  which  yields  5^(  compounded  half 
yearly.  It  is  proposed  to  change  these  debentures  into  per- 
petual 4^2%  debenture  stock  with  interest  payaldc  half 
yearly.  How  much  of  the  new  debenture  stock  should  be 
given  for  each  $100  of  the  old  issue  ? 

The  price  of  the  present  debentures  must  be 
WO  V-'' +  2  J^  a:^^  Sit  216% 

-67.130+38.073  =  106.103. 

If  the  new  deiienture  stock  will  sell  on  the  same  yield  basis 
its  price  will  be  90. 

Therefore  cacii  SI 00  of  the  old  debentures  <?hould  be  worth 

^  10,610. 3  ^^j  J-  89  of  the  new  stock,  and  the  change  might 

'      90.  ' 

be  effected  at  the  rate  of  11 8  of  the  new  for  100  of  the  old. 


/a  bond  n.leemable  in  12  years  at  par  and  bearing  interest 
at  5'"v  payable  half  yearly  is  bought  at  10."^.  Find  the  >ield 
to  the  purcliaser  \vhosets  up  a  sinking  fund  at  3';  compounded 
half  yearly  to  replace  the  decrease  in  capital. 

The  sinking  fund  uill  demand  5  5,,'  at  1^^;  =  .17462  out 
of  each  coupon,  leavin;;  2.32.^>38  for  a  iiaif  year's  interest  on  a 
capital  of  105  which  will  remain  intact.     That  is  4.429', c- 


/. 


r  A    5';;    debenture  -.'ue  8  years  hence  and  carrying  half 

yearly  coupons  for  inll•re^t  is(iuc(tedin  themaiketal  109.    It  is 

proposed  to  convert  these  debentures  into  4  '2'",  dcbenlines  of 

the  same  amount  with  the  same  security.     When  should  the 

• ,  i,_  ij,  .,.,,. tI.Io  ci.  as  !!'>'  '"  d'sturli  Liie  market 

price? 
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Reference  to  a  bond  table  shews  that  the  quoted  price  corres- 
ponds to  a  yield  of  3.69%. 
At  this  yield  a  4y;%  debenture  should  have  14^  years  to  run. 

Sr  A  Building  Society  grants  loans  repayable  by  20  equal 
half  yearly  instalments  including  principal  and  interest,  upon 
the  basis  of  charging  7%  interest  on  the  total  sum  advanced 
and  allowing  3%  interest  on  sums  repaid.  The  .u.wix  ad- 
vances two-thirds  of  the  value  of  his  property  to  a  customer, 
but  borrows  half  the  value  by  pledging  its  mortgage  at  5%. 
What  rate  of  interest  does  the  MH-iety  make  on  such  trans- 
actions.'' 

Consider  a  property  worth  $3,000. 

The  s.KJety  will  lend  $2,000  and  borrow  $1,500. 

The  MTJetx  V  customer  must  pay  each  half  year 
S70.00  interest  and  also 
80-19  =  52,0005^  at  1M%,  towards  redemption. 
Or  $150.49  in  all  each  half  year. 

The  s.Kiety  must  pay  $37.50  each  half  year  for  interest. 
At  the  end  of  the  10  years  the  customer's  balance  in  the  re- 
demption  account  will  wipe  out  his  loan. 

Regarding  this  as  a  single  transaction  and  assuming  that 
he  3  , ,  on  sums  repaid  by  the  customer  can  be  obtained  from 
the  Bank,  the  MuiHy  gets  $32.50  each  half  year  for  an  in- 
vestment of  ^500.  which  is  13%.  Regarding  this  as  one  of  a 
number  of  similar  transactions  and  assuming  that  the  societv 
can  reinvest  the  sums  repaid  by  its  customers  in  other  loans  of 

n  .V'r  '■^''/T-  '^"^  "'"-^  °f '''''''''  '^^'^^  i«  that  at  which 
050.49  -  37.50)  ..J,  =  .500  +  IS.lOe-  which  U  about 
■t-.    r,  or   11'/  ,    per  annum. 

»M^he  value  of  an  annuity  f„r  20  years  of  whidi  the  pay- 
ments  are  successively  20.  19.  IS.  etc.  is  150.  What  rate  o' 
interest  does  this  recurr  } 

Here         1 50  -  20i;  + 1 9r' H- 1 8t;»  +    .  -f  3r'«-|-2i.''»+r»« 
•  '.  (l+j)  150  =  2(l  +  19t'  +  18i;»-f  .    -|-3:,"-|-2t,i8+„i» 
.•.  1.50 1  =2()-t_i^_[^_        _t,i9_,.so 

=  20-a.i^. 


Some  Problems. 
The  required  rate  is  that  at  which 
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^^^  =  150. 

t 


At  o*;,^,  -   ■    -  =  loO.<G. 

i  .i;5 

At  5'^Vc. —  =  149.64. 

i  .05125 

The  rate  required  is  about   (5+  ^^\^  o.  7)  ^t 

about  5i'i9c- 


l^A  certain  stock  of  'he  lominal  va'  e  of  SlOO  bears  a 
semi-annual  dividend  of  80 cents  and  a  ciui..quei  .ial  bonus  of 
S3. 00.  Thirty  montii  iter  the  '  ist  pa>ment  of  the  bonus 
and  immediately  after  a  semi- mnuai  (b\idend  has  been  paid 
the  stock  is  quoted  at  23.  Find  the  investment  yield  at  tliis 
price. 

At  a  yield  of  t  per  half  year,  the  quinquennial  bonuses  of 

S3  each  may  be  turned  into  half  yearly  bonuses  of    -_of  i>3 


each,  the  first  one  to  come  in  six  months  hence. 


■llO! 


Therefore  23  is  the  value  of  a  perpetuity  of  .30-1-        of  3. 

3r=' 
Or23»  =  .30-f-_^- 

i        1  - 1'"' 

To  get  a  rough  approximation  to  i  we  may  regard  the  quin- 
quennial bonuses  as  being  wortii  30  cents  each  half  year, 
giving  23»  =  .G0  or  t  =2.G''r  roughly. 

Try  2/a',"; .     At  this  rate  the  price  would  be 

_^  -f  ^  ^'^^'^i  =  11.42'J  -f  11.546  =  22.975. 
. 02G25         . 2282G 

Try  2K''c-     At  this  rate  the  price  would  be 

.  .iu 


4.-:-^_?li^  =  12.000  4-  12.119 
.025        .2188 


24.119. 


I 
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At  2.625';^  the  price  would  be  22.975. 

At  2.500%  the  price  would  he  24.119. 

Therefore  the  true  yield  is  (2.G25-.y)% 

where  x  :  .125  ::.025  : 1.14-1 

.003125 

orAr=  . =  .0027 

1  .U4 

and  the  yield  required  is  2.G223  each  half  year  or  5.245^;  ner 
annum.  ' 


y^.' 


5K% 


.A  Rovernment  loan  of  SI, 000.000  bearing  interest  at 
o  payable  half  \  early  is  to  be  redeemed  at  1 10  per  cent  by 
a  half  yearly  annuity  of  fixed  amount  including  princip;il  and 
mtere.t  extending  over  10  years.  \\iK.t  is  the  amount  of  the 
h.\ed  half  yearly  payment? 

Regarding  the  loan  as  one  of  $1,100,000  at  5''^^  to  be  re- 
deemed at  par  by  a  half  yearly  annuity  of  fixed  amount  in  10 
years,  the  half  yearly  payment  should  be 
$1,100,000  «--;  at  2.;';;  =$70,501.84. 

l^An  i.ssue  of  $1,000,000  .,f  4'.'%  bonds  with  half  yearly 
coupons  IS  redeemable  at  105  by  annual  drawings  spread 
equally  over  5  years;  the  first  drawing  to  take  place  3  years 
alter  ,ssue.  Fmd  the  issue  price  to  yield  5^,7  compounded 
nail  yearly. 

Lsing  Makeiiam's  formula,  we  have 
C  =  SI, 0.^)0,000 

A:  =  $210,000  (v'  +  i-  +  v"'+v^-+v'*)  at  2'<f" 
100      ,  .  '    "^ 

=  ^'^  of  >2I0,000  U'^-f  :."+r^  .  -f  r"+i.''') 

=  $103,703.70  (a.ii-a,-) =  $822,260.50 

.\owj  =  4'i  on  105  or  4?% 


^r(C-K)='^ 


of  $227, 730. .50. 


=     195.205.29 
$1,017,405.79 


1^  A    loan    of   .'^100  nOll   Jc  fo  1."  —..•-!    -'r  •      nn 

...         ,    i-'-i  v:.  in  ju  years  Dy  quni- 

quenn.al  instalments,  the  first  of  which  is  to  be  made  at  the 
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1 


end  of  5  years.  The  loan  bears  interest  at  4%  payable  half 
yearly  and  the  semi-annual  sum  set  aside  for  the  service  of 
the  loan  is  $2,912.25.  Find  the  rate  of  interest  at  which  the 
sinking  fund  should  accumulate  by  half  yearly  compounding 
during  each  quinquennium. 

The  semi-annual  coupons  call  for  $2,000.  leaving  $912.25 
for  the  sinking  fund.  Each  fifth  year  the  sinking  fund  will  be 
invested  in  the  loan  itself,  so  that  the  coupons  on  the  bonds 
purchased  for  the  sinking  fund  will  increase  the  half  yearly 
contribution  to  that  fund.  For  each  unit  in  $912.25  the  sink- 
ing fund  will  grow  as  follows: — 

End  of  5th  year: — iioi  at  rate  i,  the  unknown  rate. 

End  of  10th  year:— Ju^|  +  (1 +j  sro)  iioi  where  j  =.02,  the 
bond  rate. 

End  of  15th  year:— si^ii  1 +  (1+7  5717)  + (1+j  5ioi)' } 
and  so  on. 

End  of  30th  year:— 5^7,  |  l  +  (l+j  5To!)  +  (l+j  5ri7|)=+ 
....+(1+J5ia)'  \ 

.(l+j^io,)'-l^_L|(l^_^.,_^._l| 


(l+J5ioi)'  = 


1 +J  iioi  - 1  J 

:.  912.25  X  {(1+J5ii7r-1  }=jX  100,000  =  2,000. 

2,912.25 
'912725 

or.  6  log  (l+j  Jl^)=  log  2,912.25  -  log  912.25 
=   .5041148 
log  (1+j  5io|)  =  .0840191 
.-.  1  +  .02X5]^=  1.21344. 
The  required  rate  i:;  therefore  that  at  which  5,„   =  10.672. 
Reference  to  the  tables  shows  this  to  be  1  ^^'^'/c  per  half  year  or 
2J^%  per  annum  compounded  half  yearly. 


l^A  financial  house  has  agreed  to  unrierwrito  a  foreign 
government  loan  of  $l,000,000at97.  Theloanwillbcarintcrest 
at  the  rateof4'"J  per  annum  payable  yearly.  It  is  under  dis- 
cussion whether  repayment  should  be   made  by  means  of  an 


If.  "1 

m 


■i^\^^=^^^: 
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accumulative  sinking  fund  of  2%  or  by  uniform  annual  draw- 
ings of  S20,000.  What  difTerence  would  there  he  in  the 
rates  of  interest  paid  over  the  whole  transaction  by  these 
methods  ? 

If  the  accumulative  linking  fund  is  adopted  the  loan  will  be 
redeemed  in  n  years  where  100  =  6  07,  at  4*;^^  i.e.  in  28  years. 
and  the  rate  of  interest  paid  is  that  rate  at  which  97=Ga^  or 
a^=  16.167 

At4>^f^f,  a^  =  16.193. 
At  4,^«c-J^,  a^=  15.966. 
.".  a  close  approximation  to  the  desired  rate  will  be 

4X  +  ./.A  of  ^  =  4.264%. 
If  redemption  is  to  be  made  by  uniform  annual  drawings  we 
can  approximate  to  the  rate  by  using  Makeham's  formula 

^=J  +  ^—7;  *    (see  page  59) 

We  may  try  4'i%  as  our  rough  guess. 
At  this  rate  AT  =  2  a,^  =  42.06 
C->1  =  100-97  =  3  :  and  C-X  =  57.94 

3 


i  =  .04  + 


X  .04125 


57.94 

=  .04  +  .00214  =  .04214  or  4.214%. 
Our  guess  was  too  low:  try  4X%- 
At  this  rate  A' =  2  0^=  41.19. 
C-K  =  5H.8l 

.-.  t  =  .04  +  -A     X.0425 

58.81 

=  .0H-.00217  =  .04217  or  4.217% 
A  trial  rate  of  4is  %  gave  4.214%. 
A  trial  rale  of  4'4%  gave  4.217%. 
•  '.  Tile  true  rate  is  (4 '^+A;)'^i , 
where  .V  :  .12,")  ::x-.()S9  :  .003 
or.U03.v  =  .125i  -.Oil 
.011 
i;;2 


X  = 


=  .ono 
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And  the  rate  required  is  4.1254-.090  =  4.2159'c. 

By  the  former  method  the  government  would  be  paying 
4.26491  for  its  money  and  by  the  latter  4.215'^'^ ,  a  difference  of 
.049%. 


15.  An  issue  of  bonds  of  the  nominal  value  of  $100,000  is 
made  on  1  April  1911.  The  bonds  bear  interest  at  4%  per 
annum,  payable  half  yearly,  and  are  redeemable  by  drawings  as 
follows  : 

$10,000  on  1  April  1912  at  101. 

$10,000  on  1  April  1913  at  102. 
&c.  &c.  &c. 

$10,000  on  1  April  1921  at  110. 

What  should  be  the  issue  price  to  yield  5%  compounded 
half  yearly? 

The  price  of  the  bonds  =  i4i+/ls 

where  i4i  =  price  disregarding  the  premiums  on  redemption 
and  i4j  =  cash  value  of  the  premiums  payable  on  redemption. 
Makeham's  formula  is  appropriate  to  find  Ai. 

A,  =  K  +  -^-(C-K) 
t 

where  C  =  100,000 

K  =  present  value  of  10  annual  payments  of  $10,000 
each 

=  present  value  of  20  semi-annual  payments  of 

$4,938.30  each  (see  table,  page  32) 
=  $4,938.30  a^\  at  2^% =  $7C,984 

■^    (C- ;<:)  =  $  of  $23,016 =     18,413 

i  

.-.  Ai =  $95,397 


(1 


Ai=m)  {v^  +  '2v*  +  -Sr^+  ....  +91''"+  lOr")  at  2y27c 
i^Ai  =  \0{)  (i'<  +  2i'«  +  3r'+  .  .  +\)v-<>+  10r=j 
■i'')/l2  =  100(r='+r<+r«+.    +i-''i  -  1000  i''^ 
=  49.083  a.^  -  1000  t" 


i 


80 


.■.A,= 


Interest  and  Bond  Values. 
760.84-580.80^  ^3_^22 


.048186 
so  that  the  full  price  /li+/l2  =  S99,319. 


10.  A  loan  of  $5,000.  was  made  5 years  ago  to  be  repaid  in  25 
years  hy  equal  half  yearly  instalments  of  SIOO.  each  with 
mtercst  at  the  rate  of  -1}^%  per  annum  on  the  capital  out- 
standing in  each  half  year.  Just  after  the  10th  half  yearly 
payment  the  lender  ofTers  his  security  for  sale.  How  much 
should  be  given  by  a  purchaser  so  that  he  may  realise  5^^ ,  pay- 
able half  yearly  on  his  investment  while  replacing  his  capital 
at  4<7  compounded  half  yearly? 

There  is  now  $4,000  of  the  loan  outstanding. 

The  ne.\t  half  yearly  payment  will  be  $100  capital  and  $90 
interest. 

The  following  half  yearly  payment  will  be  $100  capital  and 
$87.75  interest. 

The  following  half  yearly  payment  will  be  $100  capital  and 
$85.50  interest. 

Or  the  future  payments  of  interest  will  decrease  by  $2.25 
each  half  year. 

If  we  denote  the  payments  made  by  the  borrower  as 

X,  x-y,  x-2y,  x-3y x-Siiy 

where  .v  =  $190.00  and  y  =  $2.25,  and  also  denote 
the  price  paid  by  the  purchaser  as  P,  and  write  j  for  .025, 

then  we  have  available  for  the  sinking  fund 

•^-i  P<  x-y-j  P,  x-2y-j  P,  &c.  in  successive  half  years, 
so  that 

(.v-7F)(1.02)"+(.r->'-jP)(1.02)'8+..+rx-39j-7P)  =  P 
or  [x-jP)  (1.02)«  +  (x-j-jP)  (1.02)'^»+.  .  .  . 

....  +(.v-39  y-jP)  (1.02)  =P  (1.02) 

•  •.  [x-iP)   {Xmy'-y   (1.02)"- V   (1.02)" -V    (1.02) 

-(.v-39>'-;P)=PX.02 
. • .  (.V  -jP)  (1.02)"'-  _v  s-^,  ■-'.--  AT  +  40 V  +iP  =  P  X  .  02 


P  = 


.V  (1.02)'"-v5i;;:  r  -.v-f40y 


j(1.02)«''+.02-j 
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190X2.20804-2.25  X  60.40198-190-1-90 
!025X2.208OI-!005 


183.624 
.050201 


=  $3,657.80. 


17.  A  loan  of  S18,323.  is  to  be  repaid  in  five  years  by  an  an- 
nuity calciilated  dt3^[  to  include  principal  and  interest  at  5^. 
If  the  first  payment  of  the  annuity  is  $4,120.20  and  the  pay- 
ments arc  to  increase  in  geometrical  progression,  prove  that 
their  common  ratio  is  1.03  and  draw  up  a  schedule  shewing  the 
repayment  of  the  loan. 

The  annual  interest  demanded  is  $916.15. 
If  the  successive  payments  be  P,  Pr,  Pr',  Pr^,  Pr*,  we  have 
(P-91G.15)  (1.03)'+  {Pr-  916.15)  (1.03)' 
+  (Pr'-916.15)  (1.03)=+(PH-916.15)  (1.03) 
-h(Pr*-916.15)  =  18,323. 
Or  P  (1.03)«+Pr  (1.03)'-t-Pr'  {imy+Pr"  {l.03)+Fr* 
=  916.15  iTj  at  3% +  18.323 
=  4,864  +  18,323  =  23,187 
ButP  =  4,120.26 

OQ    1  07 

-And  — ^—  =  5.6275  =  5  X  1.1255  =  5  (1.03)« 
4,120.26 

.-.  r=1.03 

The  schedule  illustrating  the  repayment  is  as  follows: 


3%  on    1 

Cipil.Tlre-' 

\nnuit>        paij.  This. 

r.-i\mcnt.          ci>i.if-. 

from    re- 

invcstin  I. 

The  Annuity  p.lymcnt  contains 

Capil.ll 
repaid 
to  date. 

Capital 

> 

5%  on 

C.ipital 

out-itand- 

inn. 

•i'7c  on 
Capital    j 
repaiJ. 

A  Capita 
Repayment  ' 

stiil 
outstanding. 

1 

54,120  2t)5    0  00 

."910    15 

>     0  00 

S3,204  Hi 

t 

3.204    11 

515,118.89 

2 

4,243  S7      96.12 

755  95 

04  OS 

3.423.84 

6.027.95 

11,095.05 

3 

4,371   10    1<)S  84 

.5S4.75 

i.32..';r) 

3.0.53.  SS| 

10.281.83 

8,041.17 

4 

4„'i02.33;  308  45 

402. OC 

205  64 

3.894  63 

14,170  46 

4.146  54 

5 

4,637  4o!  425  29 

207  33 

283 . S3 

4,146  54 

18,323  00 

0  00 

$ylG.15 
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18.  A  Timlier  lierth  of  30,000 acres  of  pinccstiiiiiitcd  to  pro- 
duce 120  million  feel  of  lumber  is  bou^;iu  for  5S00.O00.  and  a 
ground  rent  of  5S  per  square  mile.  Logging  may  begin  after 
•i  years  at  the  rale  of  0  million  feet  per  aninmi,  and  at  a  cost 
of  5S  ;)er  thousand  feet  to  the  mill.  Tiie  >tumi)age  dues  arc 
S3  per  thousand.  The  mill  cliarges  53. oO  per  thousand.  At 
what  price  should  the  lumber  be  sold  in  order  to  make  a  ntt 
profit  (A  \(V[  pel  annum  on  the  proprietor's  outlay?  It  is  to 
be  assumed  that  lumber  prices  will  rise  2'^',  per  annum;  also 
that  >r)()0,OUO  can  be  raised  at  once  by  the  issue  of  ')'  ',  bonds  at 
par,  the  bonds  t<J  be  redeemed  at  the  rate  of  S')0,000  a  year,  at 
th    ends  of  the  years  sixth  to  fifteenth  after  issue. 

A>^uming  that  each  year's  cut  is  got  out,  put  through  the 
mill  and  marketed  during  12  montiis.  the  final  proceeds  will 
come  in  23  ye.irs  after  the  purchase.     At  that  time  the  accum- 
ulations of  the  outgo  at  the  yield  rate  will  amount  to 
Original  outlay,  5300,000  ( 1  +jj'^ =  52.686,200 


Ground  rent,  $375  ^vr 


2'.),829 
Stumpage,  logging  and  mill  costs,  587,000  i^.     =     4,082.925 

$7,699,044 

plus  the  payments  for  interest  and  redemption  of  bonds  as 

follows: 

For  coupons  during   the  first  six    years. 

52.-),0()()  s,r  (1+,)" 5074,9o7 

For  r.ipital  redemiuion  from  the  end  of  the  6th  to 
the  end  of  the  l.')th  year  inclusive, 

5')0.0n()  5„;  (l+i)' 1,708,105 

For  coupons  from  the  end  of  tlic  7th  to  the  end  of 
llie  l."iili  year  inrliisi\-e: 

522, .'.00    (  1  + 11 '•"  +  20,000    ( 1  +i)'='-|- 

-f-2,.-)()()  (l+!l^ 
=  52,.')00   I  9  il4-,)i6  4.s  0+i)"  +  7  (l+i)'«-h 
....  +2  (l+iT'-f  (1+j)''  ; 

10  I  l+!)''-(.vi,i-i;-,) 


=  $2,500 


819,07; 


53.,')02,197 
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The  total  ouiv.n  for  all  purposes  at  the  yield  rate  will  amount 
to  S 11, '20 1, 241. 

If  Sp  per  tiiousand  is  the  first  price  realised,  the  accumulated 
income  on  the  same  basis  is 

50.000  [p(H-ij''+p  (1.02)  (l  +  tV'-f p{l.02y\\+i)  + 

+P(1.02)"} 

(l+tr"-  (1.02)'" 


=  $6,000 


(l-fi)-(1.02} 


p,   butt  =  .10 


r;  Oil  t;'i 
•=$6,000  — -  -     p  =  $393,116  p 
.08 

.        ^  11^01.241  ^    2^^^ 

*^  393,116 

The  first  year's  cut  should  sell  for  528.50  per  M . 

The  second  year's  cut  should  sell  for  $29.10  per  M. 

The  last  year's  cut  should  sell  for  $41.50  per  M. 


19.  .X  provincial  government  makes  an  issue  of  3>^^  bonds 
to  obtain  the  money  necessary toreplantanarca of  12, 500 acres 
with  white  pine.  The  initial  expenses  together  with  the  pur- 
chase price  of  the  property  amount  to  $75,000.  During  each 
of  the  first  five  years  $1000  will  be  spent  in  road  making.  Four 
per  cent  of  the  area  must  be  set  aside  for  roads,  fire  lines  &c. 
Planting  is  done  at  the  rate  of  1000  acres  a  year  at  $10  an 
acre.  Salaries  and  expenses  amount  to  $5,000  a  year.  After 
30  years.  50  cents  per  acre  can  be  securefl  on  each  area  from 
thinnings.  This  can  be  repeated  at  the  end  of  each  10  year 
period  anil  the  proceeds  will  increase  at  the  rate  of  2'"',  per 
annum.  At  the  end  of  60  years  the  final  harvest  will  produce 
$300  pLT  acre. 

Assuming  that  bonds  will  be  sold  at  par  as  the  money 
may  be  needed,  what  will  be  the  maximum  issue  out- 
standing ?  When  will  this  maximum  occur  ?  When  can 
the  bonds  be  retired  .'     What  will  the  forest  be  worth  when 


Iiiv    Kirv  v-'t    1 1 , 


i-i--!! 


1,..,. 


>.id    iitT    ? 


i 


=:J?:5^;?l^4-!£t-y^:;.^^^■^^3^--'^i^^^,"^^^  £;^;.^i-^%".^^7'1]^t! 
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The  total  area  is 12,500  acres. 

Road  allowance 500 


Leaving 12,000  acres  available  for  planting 

at  the  rate  of  1000  acres  a  year  for  12  years,  and   costing 
?  10,000  each  year. 

\o  inccjmc  can  come  from  the  forest  until  the  end  of  the  30th 
year  when  the  proceeds  from  thinnings  will  begin  and  con- 
tinue as  follows: — 

Knd  of  .30th  year— S500  a  year  for  12  years. 

End  of  40th  year— SoOO  (1.02j"  .    year  for  12  years. 

End  of  50th  year— 5500  (1.02)""  a  year  for  12  years. 

At  the  end  of  the  GOth  year  the  final  harvest  will  produce 
5300,000  a  year  for  12  years. 

The  income  from  thinnings  will  never  be  enough  to  pay  in- 
terest on  the  bonds  outstanding  at  the  time. 

At  the  end  of  the  GOth  year  the  debt  on  the  property  will 
amount  to: — 
Purchase  price  at  SJ/jOf   interest  for  60  years, 

$75,000  (l+i)*" =        590,857 

Cost  of  road  making,  $1,000  sn  (1+0"  =  35,570 

Cost  of  planting,  $10,000  5TT  (l+i)«« =        7G1,28G 

Cost  of  maintenance,  $5,000  5,1^ =        982,584 


less  the  proceeds  from  sales  of  thinnings, 

$500  {  517  (l+i)''+(1.02)'»5,T  (l-ff)" 

+  (1.02)=^  5^} 


$2,370,297 


33,997 


$2,330,300 


And  this  will  be  the  maximum  issue  outstanding.  The 
harvest  from  the  first  1000  acres  will  now  produce  $300,000 
leaving  $2,030,300  outstanding. 

The  whole  issue  will  be  redeemed  in  n  years  more  where 
$300,000  s--,  +  $500    ( 1 .02)"    57;  ( 1  +t )" " *  -  $5,000  s~  = 
$2,0.3o,.'iOO  (1-fi'*, 
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where  29n,00()  Id  +  i)"  -i;+.')0()  (1.02)-»  il-i')  (!-!-«)"  = 

2.0:50.300  fl+n-i. 

where  295.000    1    l+i )"- 1  1 +49    ( 1 +  11"  =  71.271    (l+;i", 

'".I")  000 
where  (l-fi)"  =    ~     '         =1.318, or  wliere  ^i  is  aliltle  more 
223,778 

than  8. 

Nine  years  after  the  first  harvest  when  the  lOtli  harvest  has 
just  t)een  sold,  thedehts  sh.ouid  be  all  paid  ott  and  tiicrc  should 
be  a  surplus  of 

5295,000  577-4-5500  (1.02)="  iTT  (l+i)'-  52,03tj,300  (I  +  iV^ 
=  52S5,3(il. 

And  the  value  of  the  harvests  to  roine  is  5295,000  a  ~r 
=  55(30,410. 

So  that  the  total  value  when  the  bonds  are  all  paid  of!  will 
he  5845,771. 


i 


INTEREST  AND  BOND  VALUES. 


EXEKCISKS. 

-^.  What  iMti- (if  int(  n-t  idinpcjuiKkii  half  yearly  is  the  equi- 
valent (if.")'  ;  comii'iuiuiecl  (ii  yearly    ii '  'iiiarterly  .■' 
•^2.    IVdve  that  ;=(/  +  (/  -|-'/+et(.-. 

and  find  ^iIllil.l^  e\paii>ii)iis  Kir  </  in  term?,  of  ;  and  in  terms  of 
5,  al-(i  f(ir  ;  in  lirn;-  (  f  /  a.nd  in  terms  of  o,  al>()  fur  5  in  terms 
i  .ind  in  tt  rni^  ot  </. 

•^.    l-ind   (H-;i""'aiid  t'""at   '•])  ■■<',;    (ii)  T)' ; . 

•-<.  For  how  lon^;  a  lime  >h(.i!ld  SlOO  ho  left  to  accumulate  at 
5','  in  or(kr  tliai  it  ni.i\  amount  to  double  the  accumulated 
value  of  anoilnr  511)0  (Kpoited  at  the  same  time  at  3' i  ? 

«^'i.   [ill  in  t!;c  27  Mank~  in  the  following  schedule: 

The  [resent  \alue  of  .'*1(MK)  a  \  ear  for  20  >  ears  at  490 


Inicrrst            ' 

The  J1(KI() 

al.l.- 

y 

\\i\  iiicnt 

V.-.aly 

l!.i,I.) 

Uu.irterly 

Yearly 

Ilalf-\earh 

^)uarterly 

,     • 

At  (lue 

1  -■ 

'*■'    ^'.f^'^f 

1  i 
I 

/ .  1     -    ■ 

M  ■  ■ 

:.->i-. 

Yearly            \/  }  i  / 

-, 

A  \ear 
hence 

ll,ilf-\  early 

1 

Ouarterly       ! 

TiilTe 
\ears 

1 

\  earh              i 

■ 

Half-yearly 
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!" 

fe  ■ 

* 

llt'IKO 

niiartir]\ 
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^j.  All  aniuiit\  i>i  SKMIO.  a  year  U>r  2")  year>.  tir.-t  payment 
(lie  year  luiuf,  is  to  be  .ilten.!  ^(l  a^  to  hec'iiie  i>,i\al)le  lii 
ciuarterlv  ill  a(l\ance.  ii'  yearly  in  advaiue.  iiii'  half 
yearlv,  fir^t  pa>iiieiit  :}  m<>iitli>  lieiue.  Kind  the  e(jiii\alent 
payments  in  eaeli  i'a>e  at  4'  ,'  . 

-/7.  Wiiat  payment  ^liniild  he  ma<le  in  ca^ii  !)>•  the  annuitant 
to  ohlain  each  of  tiie  conver-ions  cf  the  pn  \  icnis  (iiicstion 
and  still  receive  <1(KI0  a  year? 

^.  A  man  dep()>ited  ^10l)  on  the  1st  January,  1890,  and  SlOO 
every  six  months  there.ifier.  at  4'  ;  per  annum  compounded 
half-yearly,  making  his  last  deposit  on  the  1st  January.  I'JlO. 
What  sum  \va>  standing  to  his  credit  immediately  after  his 
last  deposit?  To  what  will  this  accumulate  at  the  same  rate  of 
interest  hy  the  1st  July.  1915? 

*-^.  Explain  the  following  equation  in  words: 

—  =0-7+  t".— -,vhere         is  the  value  oi  a  perpetuity  of 
it  t 

1  per  period  at  i  per  period. 

Vn).  Make  verbal  and    self-exi)lanatory  statements  of  the 

tollowinR  formulae. 

(i)  vi  =  d\    (ii)   i-d  =  (li\   (iii)    (l+i)"=l-f«  s~: 
(iv)   l=ia„^+'f";  (v}a-'-i--'  =  i';  ;vi)  (1 -r")  a--^  =  i  ; 
(vii)  {(l+f)"-!!  5^  =  .-. 

To  what  do  formulae  (iii)  to  (vii)  reduce  when  w  =  1? 

11.  \i  .,     i-;r  iind  y  =  ar,„'  find  i  in  terms  of  .v,  and  y. 

H^How  would  you  express  the  present  value  of  1  due  n 
years  hence  at  a  rate  j  compounded  m  timesayear;  and  also  the 
accumulated  amount  of  1  deposited  n  years  ago  at  the  same 
rate? 

What  do  these  expressions  become  when  ni  is  infinite? 

A\    What  is  the  present  value  at  3'  ;  of  an  annuity  to  run  for 

•J.')  years;  the  i)ayments  being  SlOO.,  S103.,  Ci:c..  increasing  a^c 

per  aimum? 

-yi4    If  the  iiayments  of  the  annuity  in  the  previous  question 

were  to  be  discounted  at  ')' ;  in-tead  of  at  '?,'[.  ''V  lif^-  much 

.    100  , 

would  the  value  ciiiTer  ironi  ?  — „_  a-ij,  at  '^  ,(_  f 

1.03 


<y^.-^<^..^^..,.. 


-«£■:■.,■• 
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..VI.").  Finci.  .It  M'j'''7  iIlt(■r(.•!^l,  the  \aluc  as  at  the  1st  January, 
1910,  of: 

'i!  'r\vuiit\-  aiiiuial  p  i\infiit>  of  51000  fach.  the  last  to  he 
made  on  the  l>t  January,  I'JIiO. 

(i{j  Twenty  annual  i)a_\nu-nt-  of  51000  each.tlif  last  to  be 
made  on  the  1-t  January  1020. 

(m;  .A  Hond  for  51(1. (lOO  liearint;  .miuial  coupons  for  inter- 
est at  4','  anddui-onthe  Ni  January.  1 '.•_'.'). 

lU/'A  ciriain  propiri\-  [iro(lij(ini;  a  l"i.\e<l  in(oine  to  jjcr- 
petiiiiy  i>  Kfi  in  ei|ual  -hare^  to  four  ho-pital-,  .A.  I^.  T,  and 
I).  A.  M,  and  ("are  each  in  -ucce--ion  to  cnjoN- tlu' whole  in- 
come for  a  tini.  and  tlte  linal  re\er--ion  i>  to  he  to  1 ).  Assum- 
ing inieresi  at  r  ,■  ( iiiii[iounded  yearly,  for  wiiat  length  of  time 
should  .\.  H,  and  ('  e.ich  injo\-  the  iiuoiue  hefore  the  properl\- 
goes  idisoluteK  to  I )  '■' 

\^.  \\  hat  do  the  following  functions  i  1  +  1 1",  t",  at",  f~\ 
a—,  i-'  become  wiien  i  is  zero  and  n  —  \\\  zero  lii '  infinity." 

l*v  A  man  po'-^essing  a  certain  ^inn  in\esied  at  rate  i 
spends  1'  -  of  hir>  interest  the  tirst  Near,  3'4  times  his  interest 
tiu' sei-ond  >far,l  ■  time- his  interest  the  third  \tar,  and  soon. 
At  the  end  of  the  Uilh  \(.ar  he  has  nothing  left.  Shew  that 
in  the  >>tli  \t  ar  he  sjient  as  much  as  he  had  left  at  the  end  of 
that  >ear,  and  that  his  moiie\-  was  in\ested  at  'l^c  ■ 

{i\  .\  bridge  C(- 1-  <•_'(  1.000  uliiili  1  .tn  he  raised  b\-  an  issue  of 
ti' ,  .uinuitv  hon(U  .it  p.ir  to  rnn  for  !.")  ^ear^.  'I'he  hri;!ge 
\',  ill  cost  ^l■")0  ,1  ycir  in  ri-pair>  and  mu>\  he  rej.'laced  ;U  the 
I'lKJ  (it  1.')  \e.ir-.  Wh.it  .uuui.il  >um  should  he  included  in  the 
ta.ses  I()j)ro\idc  lor  tlii>  hriilge.'' 

'itf  'i"\\el\e  !e\e1  rail\\,i\'  crossing'-  in  and  iii'ar  .i  c!t\-,  e.icii 
I  o>t  >1.7.")0  a  \  ear  t(i  gii.tid  and  maiiit.an.  TIka'  conld  all  be 
alMili-hi'd  h\  lout  ring  the  tr.icks  and  building  bridges.  How 
much  c(irid  the  i-.iilv.ay  coinp,ui\'  at'forcl  to  spend  upon  tliis 
work'  .\--inuc  th.ii  1',  ot  thi  out!, i\  would  1h' the  annu.il  cost 
ot  rcpaii-.uKl  ."lO' ,  oi  ilir  outl.i\  w  onld  ha\e  to  be  spent  again 
lor  rci  on-,in!t  lion  attir  2."i  \iai--.     Interest  <it  .")<  ,  jK-r  annutn. 


-;-- tT^- 
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■Jf.  All  ,i;>,irmiiiit  li..ii-.,'  f.i  I-  ;'_'."ii»,(iili)  t"  ImiM  .m<l 
52.".iiuo  a  \i-,ir  tn  liiiiii ;.i!ii.  L\iiy  li\c  \c,ir-  ii  imi  t  ln' 
rfiiowiifil  ,ii  ,1  iii>i  i<\  ^7.^)0l).  .\---imiin;^  ili  ii  tin-  lift'  n\  tlic 
liDii^i'  uikK  r  tin  -(■  ( diidilii  iii>  will  lie  Ml  yc.ir-,  \\  ii.it  -lii  iiiM  1  ir 
the  .inmi.il  iiiii-roll  i.i  rtliirn  iln-  liiiiMt  r  N'  ,  iijinii  hi-  iii\i  -i- 
iiiiiit  ;m<l  npl.H'f  hi-  (.iiiii.il  li\-  ,i  -inking;  liiinl  .ii  .">' ,  .■'  All 
iiiciiiiK;  anil  (iiils^n  in  lial!-yiarl\  .iiiu  ami-. 

J^T  A  (-..tta'^i-  lln-nital  f-t-  :'>1(III.(I(MI  !,.  I.iiil.l  aii<l  >_•(). IHM» 
a  year  Id  in  liiitain.  A--ilinini;  thai  il  iiiii-l  lie  uljiiilt  at 
till-  -aillf  II  I- 1  a  I  tin-  (111  I  (it  .")!>  \rar.-  and  thai  ilif  main  It,  n.iiu  i' 
chargts  will  al\v.i\-  1m  ilii'  -aim-,  what  -iim  at  'i'  ,  lu-r  annum 
i'(im|)<iuw(it'(l  yt'.irly  will  prus  Idc  l(ir  ihi-  ln'-piial  li  >  in-ipi'l  llit\  .'' 

2ir/\  l'.irti>r\  (.■!ii|ilny-  •_'((  ^iil-  c.irh  at  >."i()(l  a  Vf.ir  i..  dn  a 
('ir)ain  wnrk.  A  iikk  liiiii- rri  |;iiiint;  •')  >iH"h  :^irl-  cmild  d'>  tiu' 
>aiiU'  Work  in  ihi'  -ami'  liiur.  A--iimiiii;  that  tin.-  liti-  ot  the 
marliiiK-  i-  tcii  \(.Mr-  .md  that  the  <m-i  dt  nmiiiiit;  it  and 
knpiiii;  it  ill  rt'p.iir  i-  STaUa  year,  w  hat  inti-l  In-  the  in  isiiniim 
liriri- of  ihf  ni.u  hiiii'  in  nrdrr  that  il  m.i\  illii  t  a  -a\iiii;nt 
^:'i"H(0  a  year.  A-.-iiiiu-  that  the  drprt-ri.ilinn  land  ran  \tv  in- 
\t-liilat  1' (  pir  annum  (Dmixnindcd  (|iiarUrl\  .md  llial  tin 
cipilal  iii\r>trd  niii>i  tarn  S' ,    i  iiiii])' lUinlid  (piartiTly. 

■4J!?^niaiulfpii-,iud>in()c'Vi'rysix  moiithsat;!'^ ,'  i ompoiind- 
1(1  hall -\(atl\ .  l-.\ir\'  fmir  vi.irN  1  c  lircw  out  tin-  .unoimt  at 
his  cTfdit  .nil!  inw-ird  in  .">'  ,'  liond-  wilh  half  \r.iiK'  coiipoii'- 
at  par.  Tlu-  coupon-  of  llu-i'  l.onds  ha\c  al\va\s  liccii  d-- 
pi)-iif(!  wilh  tlu'  lialf-\t.aii\-  SlOO.  Thi-  proCLSs  has  lacii 
S;oinp;  on  for  21  years  and  the  man  li  i^  just  made  a  ticw 
purrhasi.' of  hoiid^.     How  iiuk  h  lior-  1k'  imw  hold  in  lK)nd^.' 

"if^How  would  lliij  rr-ali  of  ihc  la>t  ipi  stioii  have  iicm 
alTcctai  if  tin-  liniids  had  all  Ihtii  l)oUi.du  at  \l)')f 

2»ir  Tweiit>-  yiar-  a.'o  510, OIK)  in  P.','  hoiuN  with  half- 
yearly  coupons  was  drpo-ited  wilh  a  tru-t  company  to  ac- 
cuinulaic  as  follows: — The  ct)ii[)oii-  to  hi'  d(|io  iuii  in  a  s,iv- 
iiigs  .ucoimt  at  -V  ',  compound'd  halt  \carly.  At  the  did  of 
every  tiftii  year  the  accumulated  amount  iti  ih''  sas  iiv^s 
acroutii  to  1)'  inv; -II' I  in  \'  ',  bonds  at  par.  .\-suniinK  that 
the  Trust  Company  charged  '>'  ',  of  iiii  ouie,  to  wh.it  amount 
iKi.s  mc  iUiiii  liww  j.^rowii.' 
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2V.  If  a  ;iO->iar  aiimiiiy  is  wdrth  20  years  pun  liaso,  what 
t-liiniM  in-  paid  ,>ii  ttit-  same  liasis  for  a  lO-^car  annuity? 

'-*<^  I-iiui  ilic  value  of  L'O  future  half-yearly  payments  as 
lollows:  ^ItlO.  at  the  end  of  thirty  months, 

JUI").  at  the  en<l  of  thirty-six  months. 

51  10.  at  the  end  of  forty-two  months, 

and  so  on,  increasing   l)y    }')  eaeh  si.\  month 

comujMinded  h.df -yearly. 

2*t.  A  man  liorrows  5,^,000  at  f)'^",'  and  agrees  to  re()ay  the 
lo.m  by  an  annuity  covering  |)rincip.il  and  interest  in  ten  years. 
What  annual  jjayment  will  he  makei'  How  much  of  the  fifth 
l)ayment  will  be  a  return  of  caijital?  Wh.it  rajjital  will  be  out- 
slandiny  after  the  fifth  jiayment  ?  If  the  borrower  then  wishes 
to  re[)ay  the  balance  and  it  is  agreed  to  discount  future  i)ay- 
meiits  on  a  I'/c  interest  basis,  what  will  be  the  redem[)lion 
price? 

H(ir.\n  investor,  calculating  prices  to  yield  him  4,'4'Jt  com- 
pounded half-yearl\ ,  buys  5!0(),()()0  of  .V  ;  t()-ycar  bonds  with 
half-yearly  coupons  for  ;?1 1  l,;i(ir>.;50.  I'ind  m,^,,  and  r**  at 
2 'a';.  What  shouki  that  invesKjr  bid  for  a  similar  bond  with 
\enrlv  coupons? 

'M.  A  corporation  borrows  JoO, 000  at  4>i^J  and  agrees  to 
re[)ay  the  loan  at  the  endof  30years.  Assuming  that  it  must 
a(Tumiilate  a  sinking  fund  at  3*^;,  what  annual  charge  will 
this  loan  imjiose  upon  the  corporation?  Had  the  lender  been 
willing  to  acce[)t  repayment  in  the  form  of  an  annuity  covering 
[)rincipal  and  interest  at  r)';^  what  difference  would  it  have 
ma(l^n  the  annual  charge? 

:«.  A  :U)-year  V'}  bond  with  h.df-yearly  coupons  is  bought  at 
9").     Find  the  investment  yield  on  the  following  suppositions: 

(if  that  the  purchaser  debits  the  account  with  interest  each 
half  year  at  the  yield  rate  antl  credits  it  with  the  coupons  as 
they  iwe  p.iid. 

(i*T  that  the  pur<haser  provides  for  the  shortage  in  the  in- 
terest e.ich  h.df  year  from  another  source,  allowing  ii%  on  all 
items  ao  transferri'd. 

:vr  A  20-year  0'  ,'  bond  with  half-yearly  coupons  is  bought  at 
131.    i'ind  the  investment  yield  on  the  lollowing  suppositions: 
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tffthat  thf  piinhascr  writts  his  inviMnicnt  down  caih  half 
year  by  the  i-xct>s  interest  in  the  coupon. 

(iiffliat  the  purchasir  bcts  up  a  sinking  fund  at  4'";  com- 
poundid  haUyiarly  to  riplact  the  premium  at  whidi  he  Lou^ht 
the  liond. 

:U.  Roiuis  to  the  amount  of  Jl,0f)0are  hou^ht  to  yield  I'i^r 
interfbt  convertible  lialf-yearly,  re(  k-ninn  from  the  next  in- 
terest date.  They  bear  VI  payable  semi-annually,  and  the 
price  paid  for  them  is  J<>(j|gtt;uid  accruT'l  interest  of  $15.00. 
What  are  the  entries  re^^k  to  record  this  purchase;  also 
the  entries  when  the  first  payment  is  received,  assuming  that 
the  cornj^iny  amortizes  its  Ixinds  ? 

rinT'tCrtain  6  per  cent,  bonds  maturinR  February  1,  1931. 
interest  payable  semi-annually,  contain  an  option  pivinj;  the 
right  to  the  issuing  corporation  to  redeem  them  at  110  on  or 
after  February  1,  1!)19.  Compute  the  value  of  these  bonds  as 
at  February  1.  1909,  on  a  5  per  cent,  basis. 

J<^  dies,  leaving  an  estate  of  544,000  in  cash,  from  which 
a  tax  of  I'^i  is  to  be  deducted;  the  balance  is  to  be  invested  in 
r>'l  bonds,  then  quoted  at  132,  and  the  income  is  to  Ik.-  divided 
equallv  amcmg  three  children.  What  will  be  the  annual  in- 
come of  each  of  the  children  on  the  supposition  that  the 
trustee  sets  up  a  sinking  fund  to  replace  the  premium  on  re- 
demption 30  years  hence. and  that  the  sinking  fund  will  earn 
A'/[?     All  interest  compounded  and  payable  half-yearly. 

37.  Find  an  expression  f<ir  the  value  of  a  bond  due  n  years 
hence  and  bearing  interer^t  at  the  nominal  rate  j;,  payal>le  p 
times  a  year,  in  order  to  pay  the  purchaser  interest  at  the 
nominal  rate  j,  convertible  m  times  a  year.  What  dws  the 
expression  become  when  nt  =  p? 

38.  A  loan  of  $200,000  at  5^c  payable  half-yearly  is  to  be 
repaid  as  follows: 

S.^,0(X)  at  the  end  of  5  years, 

$0,000  at  the  end  of  G  years, 

S7.000  at  the  end  of  7  years. 
and  so  on.     The  issue  price  is  92 '  i. 
the  borrower  paying.'' 


What  rate  of  interest  is 
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•V.t.  A  pur,  h.iM  ~  fidiii  li  ,!  |,i,,.-  (,f  i)r(iiMrty  worlli  510,000, 
''^'■"■;"-^'  '"  ['■'>  ''T  i"  i"  •■'I".. I  in--i,.,!iiu-nl>  at  the  cinl  of  cadi' 
year  fur  l,ri  y.ai-.iii,  hi.liii,:;  in!,n  -lal  ilic  rai.-  of  T)' ;  |Hr  an- 
num. 'I'lun'  i,  a  lax  of  1',  on  il„-  p,o,„,iv  aii.l  l.v  aKr,c- 
mnit  A  i.  to  p,>  ,.t  tlicn.i  ol ,  ..,  1.  %(  ar  onlv  hi>  MiarV  .,f  th.^ 
t..x.  r.-rkoiun:.  as  h,\  .l,.,n-  I '  ,  of  ,!,>  pri,,,  ipal  pai.l  „p  to  and 
inilu.iiHK  lli<-  iM-taini.ni  llun  .In.  .  lait  in  pla.  ,■  .,f  a  varying 
amount  from  >,ar  to  uar  l„  ,1, -in  s  to  pay  a  l.vd  extra 
•  inioiint  uiili  (.all  of  ill,'  irn  in-^^jcni-. 

find  iu)  a  Krmral  lormul.i  f.i^^.x,,,,.      ,/,,  .\'^  ,,,,^j  _.,„. 
mi.il  i.iymrni.a-.tmiint;  ,V;   im,  r.  ~t  p,  r  annu'ii  llirouj^hout. 
io.  Tlu-  v.,li„.  of  an  anmiiiy  for  .«)  Mars  of  wliicli  llif  pay- 
niiiits  arc  -nt  i ,  ssi\,l\  ;i(l,  l';i.  i.>,s,  ,  p-  ,  j^  jj-, 

DiUriiiiiic  till'  inlirist   \i(l.|.         .■  >      '  •   •,      ^; 

.  ,  11.  (,;)  D.urmiiK'  an  .xpn-Mun  for  the  anioiinl  ulii.h 
''liould  !,.■  pai.l  a  1,  luirr  /  >car-  li,  n.v  for  an  imnu-.liatc-  ad- 
vance of  1  niadf  iip-,n  the  rondition  tliat  tlu-  liiid,r  is  to 
rccvivi-  int.u-i  at  tlu-  rate  /  p.  r  annum  f(.r  >;  yiars  (;/-/), 
tiiiHi,:!i  he  cm  ni.ik,-  rc-invH-ini-iUs  onl\-  at  tlic  rati- f,  (/-f).  ' 
'/"  l-r.jin  u;i  ,,l„ain  ihc  pr.Miu  xalii,  of  an  amuiilv  of' 1 
IHT  annum  f,,r  ;;  ycar>,  tlir  nmun.rativ  c  rate  l.einj^'j  p,r 
annum,  and  tlu-  rrprodu(ii\i-  rate  i  (u-r  annum. 

I'  I  Discuss  ilu-  r.-dnnpiion  of  muIi  an  .mniiiiy  .ificT  /  years 
iipiMi  application  liy  tin-  borrower. 

12.  In\csiit;aic  a  coiutniciil  formula  for  asccrtaiiiiu" 
ai>l'roximalcl>  tlu-  true  rale  of  inlcn-M  ^\Mi-,\  I,v  .Ichentnrcs 
t.nninal.le  ai  tlu-  cu.l  of  n  ycar>,  i-MU-d  at  a  premium  and 
redccmalilc  at  p.ir. 

Appl\-  the  f..rnuila  v.  oluaitud  to  dcK  rminc  tlie  rate  of  in- 
tcicst  yielded  l,y  a  ti-rininaliK-  (i'  ,  <lclH-ntur(-,  rcpav.d,le  at  par 
at  the  cud  of  20  Near.-^.  pur.  ha-cd  at  120. 

_  ::!.  Ft  i.  -iesired  to  r.'iis,.  sioo.doo  Py  an  i.-uc  of  dchcntiires, 
>>Mm  is  to  l,e  >ei  asi.le  ca.li  Near  to  pav  inten-i  and  i^rovidc 
lor  the  rcdcmpiion  ,,f  the  del,,  nturcs  ~  the  sum  to  be  nppor- 
lioned  as  follows: 

_  I  1.'  Fnt.  rcM  at    I'  ;   i,  p,  be  p., id  at  the  cn.l  of  each  vear  on 
t'i    licbeiuurcs  tiicn  outstanding;. 
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12.)  The  l.al.iiu.M.f  llu-  S.').(t(fOi-.  lu  \>v  iii\(-l<(l  to  %i<l(i  ;'.' , 
U>  prw\i(k-  fnr  lri.-nni.ll  <lr.l\^i^^s  <.f  tin-  d.-Lrimiro  at  .t 
I,r.;niiim  of  T)'  ; .  tiii'  hr-.!  ilrawini;  |..  Lf  .it  tin-  t  .i.l  <>l  tin-  ilunl 
vc.ir  I'rnui  till-  li.itu  (il  i>>iit>. 

I'itul  tlicimiiilnrdf  M'.ir^ii((t->ar\  lopas  (,11  tlu  loan. 

11.  .A  f.,aiv.ii  KHVcrnuuiu  loan  <A  SI  .(tOtHMHI  .it  .")' ;  with 
lialf  vc.irlv  .■.aip..ii>  i>  ml.,-  n  .K.nu-.l , it  1  Id  1.x  ih.  ..p,  r.iiinii  of 
an  a.'iiiinulativc  Miikiii^  fuml  in  :•;•'>  >.  ..r-.  W  li.H  -  niianniial 
sum  -liiiulcl  Ih'  m-I  .isidc  for  the  mtn  i( c  ot  ilu  1'mh  .•' 

(i)  WliL'ii  ndiiiipiioiis  art'  in.uli' laili  hall  \i.ir. 

(ii)  Wiu'it  r.dtniplioii-.iri'  niadcat  iiit.TN  al^  <•!  t  y.arsfrom 
a  fund  which  .i.  lunuil.iti-  in  tia-  ni.  antinu-  at  1'  ,'  i  onipoundid 

half\tarl\ .  _^., 

1.'..  Find  a  reads  api)ro\ini.ition  t<>  the  piriod  in  whiih  a  o  ,t 
loan  withy.arl\(  )ii|,on- v.  ill  he  mhtint  d  hy  an  an  unuhitiM' 
sinhinu  fund  ot  I'/,'  .illow  in^  l"r  (ii;in(iiifniiial  rt  <lt  niptior,> 
al  1  U)  from  the  -inking  fund  wliirh  can  hi'  invested  diiriiiK  eaeh 
(liiinfiiienniiini  at   I' ,'   conipoiindi d  hall  yearly. 

\'\.  A  loan  of  51(I,(KK)  at  ')'  ,'  p.iyahle  hall-yearly  was  made 
I.")  vear>aKO.  For  the  hr>t  .'.  years  the  borrower  i).iid  >:'..'>(•  each 
half  year.  For  the  next  hve  year>  he  i>aid  SiVJ.".  each  halt 
year,  and  for  the  ii.ist  h\e  years  he  h.i- i>'>hl  '>n\\  <al)()iach 
iialf  sear.  How  nuich  nuist  he  pay  » .i(  h  h.ilf  ye.ir  for  the  next 
fi\e  \ears  to  e\tinmii~h  the  dihl  .■' 

17.  What  pa\inent  made  li.ilf-\  carh  in  ad\an<e  lor  r  \e.ir> 
will  secure  a  <|iiarterly  anmiit\  of  1  l>cr  annum  the  lir>t  in- 
Malnient  of  which  will  fall  <lue  ai  the  conim.n.  em.  nt  of  the 
(r  +  Dth  year  and  the  l,i-t  three  month>  h.fore  th.'  .  nd  of  the 
(r  +  «ith  >.ar?  liUerol  at  tlu'  nominal  rate  i  .cnvertihle 
(piartirU  thnui^jhout. 

is.  By  pa\inv;  a  certain  rale  i  per  annum  in  .pi.trurK  in- 
stalments the  effeciivc  rale  he.'omes  d.(ll7i  r.  How  w.vuld 
you  a[)pr()ximate  to  the  \a''u  ot  i'.^ 

I'.t.  I'ind  the  value  of  an  amuiil\-  payable  annu.ilK  whose 
several  payments  are  1.  2.  :5,  I,  etc.  uhen  the  annuity  is  i..  run 
(i;  for  "  vcars;  (ii)  forexir. 

.".<).  !f  a  <icht  heariiiK  intiresl  al  rat.'  t  .(.mpoimdcd  yearly 
can  he  discharged,  principal  .ui.l  mt.  rest,  hy  fi  anmiai  m-^iai- 
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ments.   m   how  much  less  time  would  the  same  deht  he  dis- 
charged hy  the  same  annual  instalments  paval.Ie  half-yearly 
(i)  When  the  interest  on  the  deht  remains  payable  yearly  ?  ' 
in)  When  the  interest  on  the  del.t  is  to  be  payable  half 
yearly  ? 

.11.  Prove  that  the  sum  of  the  first  .v  terms  of  the  4'X  values 

of  5^1  is  equal  to  ^?* 'L~('^  +  l) 

.04 
o2.  Shew  that  ifa  be  the  valueof  an  annuitvof  1  p,r  annum 
payable  at  the  end  of  each  year,  then  the  value  of  the  same 
annuity  of  1  per  annum,  but  payable  at  the  end  of  each  quarter 
IS  a  (l  +  ^j)  a()proximately. 

•W  A  [)erpetuity  of  $x  per  annum,  the  f^rst  payment  of 
which  IS  due  at  the  enc'  of  n  years,  is  to  be  pur.  based  by  an- 
nual instalments,  commencing'   at    P  and  diminishing,  by  ^ 

n 
each  year,  so  that  the  last  instalm,  nt,    ^  ,    will   be  pav.ible 

at  the  beginninK  <>f  the  «th  year.     Find  the  N.ilue  of  P 

■')^.  An  annuity  of  $1000  a  year  pavable  half  vcarly  f„r  '^0 
years,  the  first  payment  to  be  ma.le  20  years  from  now,  is  t.. 
be  purchased  by  ten  annual  instalments  commencing  at  once 
and  increasing  by.'-,';  perannum.     Kind  the  amount  of  thefirst 
instalment  assuming  interest  at  4'^  compounded  half  yearly 
o.,.  A  man  holds  $10,000  in  5' ,'  municipal  debentures  re- 
deemable at  par  in  7  years  and  stamling  in  his  books  at  $10  007 
He  is  ofTered  conversi.m  into  A<  [  inscribed  stock  at  the  rate  of 
111  for  every  100  of  his  debentures.     Assuming  that  he  may 
count  upon  realising  the  stock  at  par  in  7  years  time,  and  in 
the  meanwhile  is  able  to  invest  small  sums  at  4';,  .,r  borrow 
them  at  0%,  what  dilTorcnce  in  the  rate  vielded  by  the  invest- 
ment would  the  conversion  make.>      All    rales   are   payable 
half-yearly. 

oO.  A  loan  of  $10,000  is  to  be  repaid  in  15  >ears  by  uniform 
semi-annual  payments  which  include  interest  at  b' [  for  the  hist 
half  of  the  time,  and  at  4'/;  f„r  the  secoml  h  df,  and  also 
sinking  fund  payments  wl.i<  h  will  improve  at  |';,  Find  the 
Hemi-annual  payments  needed  to  repay  this  loan. 


i.NTL:Ri:sr  and  bond  vai.iks. 


I'.XAMINAIION     l'.\IM.K>. 


\    1.   Distinguish  rarcfiilly  hctwt-en  interest   and  disrounf. 
'       WliLti  a  hanker  discDiuits  three  months  bills  at  H%,  what 
etTective  annual  rate  of  interest   is  he  earning? 

What  is  the  fundamental  assumption  underlying  the  idea 
of  simple  interest? 

2.  Define  the  symbols  .?„-]  and  aji^. 

?100  deposited  20  years  .igo  has  growit  at  interest  to  $2:{'). 
The  interest  was  eompounded  twice  a  year.  What  was  the 
rate? 

How  muih  should  he  set  a>ide  at  the  heginninK  of  each 
year  for  U)  years  to  amount  to  $1,000  at  the  en<l  of  the  10th 
year? 

;].  I'ind  a^]i;  at  4'\'  and  s:^,  at  ">',' . 

If  a  thirty-year  ''',[  1><>"<1  with  yearly  (oupons  sells  at  a 
premium  of  p,  and  a  forty-year  7' ,'  hotul  with  yearly  coui)ons 
seils  at  a  premium  of  q,  show  that  a  sevent\-year  7''c  bond 
with  ye.irly  coupons  will  sell  at  a  premium  of  ^^-"'"c;  or  ^-f  t'^p 
where  v  is  taken  at  the  investment  rate. 

•1.  Find  the  i)rice  of  a  20-year  (')','  bond  with  half-yearly 
couiMins  to  net  the  investor  't'  ',  .  Wh.it  would  the  yield  be 
if  the  bond  were  bi>ught  at   121  i? 

5.  A  corixiration  whiih  is  i^.suing  Ti'  ;  twenty-year  bonds 
can  sell  them  at  110,  but  tan  accumulate  the  sinking  fund 
for  tivir  re<leiiiplion  at  only  t' ,' .  The  coriKir.uion  could 
borrow  the  same  sum  at  '>^',  by  the  issue  of  twenty-year 
antiuity  bonds.  l"in<l  the  aimual  charge  upon  the  cor(><)r.ition 
in  i'a<  ii  case. 


I  ()•-> 


Inlcn\-t  (i)!(!  I'oiiil  Wiliics. 


II. 

^X         1.  <  It-.irly  ili-liiigui-li  liiMwi'i-ii  iKMiiiiial  aii'l  flfL-ilivc  rates 
(il  iiilirt-^t . 

What  ratrs  c  Jin|i<iim(Ic!l  lialf  \c  irl\-  arc  ciiuixali'nt  to  -f,' 
fiiiiijxiuiiilf'l  li)  \iarly,  liit  (iiiartcil\  .'' 

'J.  Aii'-wcT  till'  fdllciwiii:;  (|u^•^linn>  l.y  n'frn-iuc.-  to  'I'ahli's. 

^      (i)    ll<i\v  lipiiy  will  it  take  fnr  a  >uiii  of  niniu'v  aiciimulatiiiv,' 

'  "^iN  inlcit--l  ai  III',   cuniiiniiiiilcd  (|iiaru  fly  111  aiiKiiint  tndiiuMc 

llic  ''Mill    lo  wliidi    il    would   ha\<-  accuimilalc-d   at    '■',',    (uiii- 

linimd(-d  halt  nimtK-.-' 

'ii!  (injiiiid  niiN  of  SI. (MM)  a  \car  pay.ilpic  (|uarlfilv  for 
10  iiiorc  \(ar-  arr  >oM  fdr  sii,(i()().  W'jiat  rate  of  intfrot  docs 
I'li--  n|)rf--iiii  .■' 

(iii)  I'tJi  year-  aijo  a  man  hcgaii  makiiii;  (lrposit>  of  .<!()() 
i\(r\  -is  nionlli-  into  a  trii-t  fund,  lie  iia>  ju>t  made  lii^ 
lwint\-luvl  di[)o-.it,  and  i>  iiiioriiu'd  th.it  tliiTf  is  S2,.")(M) 
lo  hi,  cudii  ,ii  1',  comixiuiidi  d  lialf  yiMrly.  What  should 
hi'  to  hi^  irivlii,  and  wli.it  rale  woiiM  the  s2, .")()()  n'on-si'iit? 

:{.  .\  Ci' ,  I'.iiiid  \^  li.iui.;lil  .11  IL'O.  Show  thai  this  price 
w  ill  yield  the  iii\e-Ior  .">'  ,'  it  and  only  if  (he  liond  is  a  jHTpettial 
hoinl . 

W'h  il  -lioiild  lia\e  lieeii  (he  price  to  yield  a'  ,  had  the  lioild 
ln-eii   ,1    1  0  \  e.a-  111  iild  .-' 

Show  liial  (he  priie  of  (he  |()  year  lioiid  is  les>  than  120  liy 
(lie  \ahie  of  21)  due  ID  \e  UN  hence  at  the\ield  rale. 

■1.  .\  corporalioii  c.iii  rai^e  moiie>  li\-  i-~uin;^  a  t\vent\'  \ear 
•  •' ,  iloiid  al  '.iTj  tor  which  it  iiiii-t  pro\id.'  a  sinking  fund 
that  will  aiciiinul, lie  al  1','.  (  )ii  (he  other  hand  the  Corpor- 
.ilioii  cduld  rai-e  the  -line  -iini  li\  --elliiiL;  JO  \iMr  7'  ,'  aniuiily 
l'"nd-,!l  par.  .\11  i  .He- are  c.  niipwunded  h.ill  \  carK  .  Which 
lilclliod    i-   the  chea]ui.^ 

a.   .\  lru>lee  iii\i-t-  S'_'.",. ([()()  in  ti'  ,   Ixiiid-  ,i(  par 

•J'_'.."i(l(l  in  (iV  ,    Ixui.l-  ,i(    1  12;. 
.iiid     IS. (1(1(1  ill  ,-,'  ,    li;,nd-  al  !•:!. 
.Ml  i!:e  liMiid  .  run  forJOxcai-.     What  sinkiiii;  fund    I.,  ai  ; n- 
iiniiiie   .Il     I',    iiui-l    the   tru-lee    ^et    up,   and    wli.it    rale  of 
ill  lei(  -1    \\  ill   1  in    il  je   u  11.1111   ( li  Ji.iiii  f 
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III. 

"Al.  (  ..mparc   tht-  Mmi'l^'   intiTi->t   a.i<l    tlu'   tnu-  intiTi-i   on 
Sl.OOO  fnr  7;5  (i,i>- at  .")' ,'   roinpnuiu^'d  lialt->iMrly. 

2.   Makr    vcrlul   i  xplmamry    >taUu.fnt-.  of   tlir    tolL-uin- 
fnniuilaf; 

1        1  .   ■ 
(1,  :/  =  (/         li'.i  1  =  /■<;;:  +r'  imi  -i ,:  ='>.  -r  i 

;•,.  Show  that   thi-  pu'-ciu   \aUu-  of  a  i;comL-lriral    ■«  lu'-j  "t 

pcri'.Mliral  pa\n!fiit-    .v.    .v.v,    .vy'.    .vy\ vv         i~ 

rqiial    to 

(i)    -a  whaTf  <:•„    i-  at  rate  /  -tu  h  tliat 

V 

(l-J-./iy- l-!-i. 
,ii)  ;■  .V  v    wlicri-  .s,.    i-  at  ratf  ./  -w\\  that 

_V  =  !l  +/)    I  1-/1 

where-  /  i-  tin-  i'lffcti\i-  pcriodir  ratr  ot  iiiti'it-t. 

1.  Show  tlial  thi-  a.vamiilatiHl  vahio  of  1  per  ..niuini 
(k'po>itc<l  ill  p  iu^talnuMil-  ia(  h  >.ar  for  n  viar.  .n  a  iioiuinal 
ralf  jcoiiipoiiiiilf'l  ','  tiim-a  \far  i- i-'iual  to 


.').  Stair  .unl  pi' 


,,vi'  Mak.  aaiiT-  ihi-ivni  f.T  t!a'  \ahu-  o|  a 


1,,,,,).     A  iitoriua'.rol  sl.tMiO.  I  f,',    i-  to  hi'  r 


tji.ii'l  ill  10  \f  n- 
l,v  .piirUvK  pavnuiit-  ol  .--:,  o:i  .,.v,  mil  ,.t  rapijal;  int.-uM 
t,',  ,l,tf  brum  ixahlr  wiMi  ci.h  r.av;:ii-iit  of  .Mpilat,  lull 
thr  vahu'  of  thi-  inor;v;a,cr  to  ii,  I  thr  pur.  ha^-:  '■' ,  .-oin- 
pnuii'ii<l  (piarnrK. 

C     \  muni.  IpJiiv  i"ii.-  a.  'jn-yrir  anmii;v  l".n.l  for  slO.OilH 

,„   .V,.      What   cai   a   p,:i.  li  •mt  affonl   U>  \'\\    for   !hi-  \'<-vA 

„,  .,,  ,,,  ,u.|    IV  ,   Mil  lii    wh-lr  iin.-niii'iii  f.a-  the  w  h-U-  iin.c 

th.uiuh   h,'  (an   r.::l.a-.'   Hi-  .,iai,..l  a.l   oiilv     1',  /      All   rati-  to 

I.,  1  1.- 


10} 


Ir.tertst  idi!  Bond  I'uhirs. 


'■   ''•  '•'  '-;'-^<;-  iii'  !i-^Nc.  f',r  ^\.:.m  ,.,  .1   ,,:„l  ,,^,^.,.,  „, 


P  :y    imciT-t    il  .If-MMrl;.-    ,11     \\'X' 


■''■  "1  ^'  '  piT  ,ii;r.iii;i,  .ilsn 
ar  -mh  ;i  .,;,•,)  ..i:::,  jcv  ,;-  \v:il.  ilMi-pn-iu'd 
""''••'■■"!■•  \vip<- --H  h;.  „,ir;  in  !.■.^v,^-.  .1  l.,rrnu-^  s  M)(K) 
"I  '1-  >;.:,(l()a.  :•,  !,v  ,.U..:  :n^  hi-  „.,,„•!, v  t,,a  mort^aKO 
'-■rpMr., ,■...„.  \\i,.,t  v.Av  nt  iMtrrrM  d.-i',  .1  ni.ikc'  ..n-l  wliat 
'•■■II-  (Ix-  /;  aciu.i!!'.  p,;v  t",,r  uiiit  incn.'v  hf  >;,,t  whiK-  lu- 
Ii.ii!  it.^     'I'lic  li.wik  all.. v.-  ;',' ;. 

ty'  '^-    '""'•    ■""!    'I"'''''!    PIT   cr:,!.    M-ni-annnal    c.ii,,,,,,    hmi-U 
'li:«'   '■'!    thr    l-t    j.nnurv,    |'..:i:!,   ,,n-   lH,uuht    .m    !!;,■   L',,,!    ,,f 
M^.nh.  H.Ki.ai  apn.vnfl.n  tlat.  r.'..  inrln,lin^  ,1,.  i„,.T.-i    '' 
a.lliiMnirat   m  .laUv     W!,  .,t    ratt-  ..f  intm-M   will   tln^  iinv-t- 
incnt   \-K>l,l.-' 


IV. 

I.   Dcfme  ilic  >t,in(lan!  intiTt'^t  •<\-pi1,m1s. 
'.  r.  d.  ,r,:.  s,r.  ,ij,  s,'. 

M.ikc  .,ut  a  lal.lf  fxpa-^Miig  cacii  of  the  ^vnilx.U  /.  :■.  ,/ 
in  UTin^  ,,f  ca,  h  ,,1  the  rfinaini.i,^  .„H■^  an,!  -k-Iiirc  tlu-  rdati.m- 
ynu  t;uv  withniu  tho  u>c  ut  al^H.ra.  AIm,  without  .l.d,ra 
>li(i\v  tliat 

(i)  l=(rjr-f:'".  (ii)   l+iy.,  =i1  +  m",  (iii)  ^^'^.^^U/. 

-'.  iu)  \-\w\  ,l,f  hall  yt-arly  pas  iiU'iii  whicli  ...Tuinulatcd 
.11  (1'  ,  (■i.iupnimdi'd  half-yearly  i^  e(iiiival,!it  f.  si.oooa  year. 
'  I  -(■  simple  iiilcri-.t  h.r  ilic  Iractiim.-  ui  a  \car). 

i/'i  What  i-  the  p,x-e.it  value  ,,l  an  a.uiiial  pavinent  of 
■M.diKI  a  vear,  „,  run  f,,r  20  n  e ar~.  .he  tuM  jMNnient  l.einK 
"He  :>ear  lieiiee  an,!  i;,e  ,ate  ,,|  iiiie.'e.i  I,,'!,,,  li'  ;  e,„„p,,un,le,l 
h.ill  vt-aiK  ;' 

■'■  A  20-:>e.ir  SI, ()()()  l„„„l  wiih  ,„n-,iMl  ,-,,ui>,.m^  at  .V  ;  is 
I'-n^hi  to  ^  iei.l  V  ,  .  A^^iunin^  that  ,he  element-.  ,,f  rapital 
m  lliee,,iip,,ii..ean  he  arcuimilaled  .it  ,,nK-  D'  ,  .  rni.i  the  price 
'>t  the  h  .1!,!. 

•I.  A  t,,\vn  wi-he-  to  i»iie  S.so.dpo  \v,,rih  ,,l"  Mraiglit  term 
lin.ui.  witli  annual  n.iip..u>  at   .V,.  it,  >u,h  a  v.av'that    the 

annual  ch.ir^p  if  ha--  !•■•  "-^'f-'   :-  ■ >    >--  -■ 

:>  ""^    '      ...^t,    ..    ,,..,,..,,111,    mail    ve.ii    1,)  \e,ir, 
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.iiid  .^u  that  ihc  vnu-v  i--uo  will  Ik'  n-<UvvM-<^  liv  the  ciiil  ot 
;i(l  yrar-.  Slmw  I.mw  iM.  may  l.f  (.'vru-l  ..m  aii.l  ral.  ala.tc 
tin-  t.d'  valuf  nt"  tho  \>"\v\-  ir.auiriiv^  at  tiR-  fii.!  "t  tlir  1-t. 
l.'tli.  an.l  :'<)!h  \LMr-. 

.-,.  i,;)  State  and  i>-Mve  M,.ki-hara^  t'  riaula  f.-r  the  pun- 
(if  an  init-Ti'^-t  tie.irin;^  s(.-curil\-. 

(/.i  An  i>MU'  (.t  !nnd<  ..I  nonvnal  v.,lne  sion.OOO.  ..ad 
heaaii!^  intfR-.-t  .it  -V  ,'  I'^r  -uuuim  p.iy.i'uk-  h.ilt  yr  irK  .  i- 
t.,  l.c  R-d(.vniol  ,it  1().">  1-y  ten  annual  dr.iwinK-  "f  >llt.t>d(i. 
(lie  lir-t  dr.iwini;  f.  l,c  m.uk-  nnc  \e.ir  tn.ni  tlu'  d.ite  <■!  i~Mic. 
I-ind  t!if  price  to  uive  a  yield  of  tl'  c  compoinuled  half  ye.iily. 


V. 

^1.   Define   the  synilinl>   (,  (/,  I',  <inl   from   your  defmiii.  n> 
dLiUiee  and  expl.iin  without  al^eljfa  the  etiLi.itiont. 
li)  1';  =  ./  '^ii)  i-d  =  di 

^  What   nomin.il   rate  of  intere-t  compounded  h,ill-ye  irlv   is 
the  e(|uivalent  of  a  di-count  rate  of  S','  compounded  ([u.^nerlv  ' 
2.   l-'ind  the  present  value  of  an  annuity  of  1  per  annum  tor 
ti  years,  payaije  in  times  a  year,  at  a  nominal  rate  oi  intere-^t 
;.  compounded /N.ime-  a  ye.ir. 

What  docs  your  e\pre>>ion  become  when  nt  and  /;  are  hoth 
int'mitely  gre.'.l.' 
O  o.  A  man  liuv>  a  twenty-ye.ir  four  per  cent,  liond  with 
h.ilf-vearlv  coupon>  at  ST],  an<l  .d.o  l.u>~  .t  twenty-year  five 
pir  rent.'semi-.umu.d  amuiitv  l.ond  .it  '.^s\.  l-ach  i>  nomi- 
nally a  Sl.OOO  bond.  Find  the  yield  of  e.uh  invotmeiit  on 
the  assumption  th.it  the  >hortaRe  in  intere-l  of  the  >lriiKht- 
term  bond  is  made  up  from  the  rep.iyments  ..f  c.ipit.il  under 
the  annuitv  bon<l,  th.it  C'  ;  i>  .illowed  on  .dl  item.  >o  tr.m^- 
ferred  .uid  th.it  the  b.ilance  of  the  i.ipit.d  rep,i\menl-  m.ide 
under  the  .mnuity  bond  are  invo'ed  at    1';. 

b  A  borrows  .<2,(M)()  .it  '.»' ,    from   H.      The  lo.m   i-  to  be 
repaid    bv    20   equ.d    -emi-.innu.d    p.iymeiit-    ..I    SlOO   i-.k  1 
Wh.it  intereM  will  thi>  yield  H,  who  uuiM  npl.ice  hi>  capit.d 
bv   in\f-tmeiiis  .li    '>'',■      lntnu-.;:..:ei>    ,::lvr  •.:'.'■•   ii:t>:    -!-!iM- 


i 
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annu  .!  paynuM.t,  A  ua„,,  ,,.  ,,,,,.  „,t  ,,;,  ..,„  ^y,,^^  ^,,^^^^,^, 
II  claim  a.  tlu'  rnknipii,  „,  prav:^  WouM  it  ^^^k^:  anv  .lilt-r- 
incc  il  tlu-  luai,  wtR'  f,  l,f  paiM  ..Hat  \\\  rc<|iu-t  .■i<tra.i .  ,t  AV? 
•■;.  A  (Mrpurali.,,,  i-iR.,  Mrai.^^h,  utmi  l.,.n.|.  whirl,  i,  ran 
-HI  ai  raf  ./  ai|.|  xvlnrli  arf  n-lrcnahK-  in  ,;  prrin.U  |„-  •, 
Mllkin:^.  Iiin.l  thi,  will  a.T.niulaf  at  rate  ,.  M„,u-  that  il  / 
I'c---./  It  will  1„.  ,n..-v  rr,,n,,:ni,-al  tn  i,,uf  t!u-  !.,,;„1.  ,,t  .,  p,v- 
"''"",,  l,„t  ,1  ,>.;•  i,  will  !„■  :no,v  Lr.mn,ni,Ml  ,,,  i,„,„.  ;!„.,„  .^^ 
.1  'li-(i)iii'.i. 


VI. 


1.   I'.xplaiii  ill  w.ini-  ilu-  tru 


III   i<\    \\\v   f.  illnwi 


n\i  -tatfiiUTit" 


H)  !-:■  =  ,/,  lij)  ;/  =  ,/,  .;jj,  ,_,/^,/, 
r.ivf    precis-  <lcriniii,.n.  ,,|    thf   -.vnil...N  „•  '    .,i„|    v'     ,,,,1 

>h(»\V    \Vll\-   (/        —  .V        =  ; 

2.  I"in.l  Ilu-  pa.~.-n;  vaiiir  ,,f  an  anmiiiv  nf  I  ,„.,■  anni-n 
t,.nm   l,,r«  v..ar..     Th.  annuitv  i.  pa^  ahU-  ;.  ,i,„,.  a  v.^r 

h..  rau-  Ml  nurn-M  ,.  /  ,nn,p.  ,un,lr,l  „;  ,„„,.  a  v.-ar.  What 
(lee-  ihi-  lid-onif  wlifii  />  =  iii=  ^:  ':' 

;5.  A  >traiL;ht  t.rm  s]  .()(l().()i)  I,,,,,,!  t,,r  oo  ^^.a,..  ,,  p'- 
with  halt  yearly  o,.ip,,n-.  i.  1„„1k'u  lor  S;m;7.!).-,  |.-,„,i  ;'|,[. 
yield  <„,  the  a^Mimpiinn  ihat  tin-  iiuvMor  w,it,-.  up  hi.  p„r- 
'lia^c-  l,v  th.  ,lilt\.,vn.v  lK-,n,.,;,  ,,,.  i,„..,VM  .liR.  and  t'li- 
<;"M-.Ma.l,lullv.ar.  \Vha,uill,Iu.i,ucMnu.ntlH.MamiinK 
.It   m   hl>  l,,„,k-.  tur  MM,--  alUa-  pil|-rl-„wi-.^ 

1.   What   will  an  iin.Mnr.ivc-  Inra    11'  vcar  annuit  v  I  „  ,n.l 
,     ,       .         .'.II"  iiiaki    ip   ,    ,,n   hi-  m\CMiiifiit    lor 
""•,">"''•;'■-■   ■'I'l— ch    h.    nu,-,    r.iin.-,    r..pavnu-nt.   „f 
'■■'I'llai  at    !',  .'     All  r.^u-arr  >iailv. 

."-.    Skrt.h    a    >nll||i,,l,     tn    tiu-    lullowii,;^    prnhk-Ill. 

A    Inrci^Il     t;nv, .1-111,;,.,,,     I,,,,,,     ,  ,f    .s7.-,0d,|(|    ,,,     .y  •      j,     ,,,    ,  ,^, 

-l-nnnla,    ina.iutin.  2a.,.,„-^v,,n:^,„l,.„,„,,|^,,,..in.- 
ll>-■  -mk,,,.,   hi,„l   will   ,uvm„u!at.-   l,,r  ,..,.!,    luv  vra:-  p^.ri.- 1 

i"    '''\,)^'''"   ■'^'""■''   ~'""  ''""'I'l   '■>■-   ■->!.•  tu-.,-v..  th. 
I". Ill/     All  rail'-  .,:■(.  \ ,   :,lv 
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Vll. 

1.  Show  by  j;encral  rea-oniiii;: 


i-d  =  di\ 


(1 


2.  A  Ciinipaiiy  l)ii\-  a  A\'  [  \»'\v\  maturing;  in  10  Vfar-,  on 
tlif  a--iiniption  tliat  intfrd  is  payable  -(.•nii-annu.iUy.  thr 
price  bcin«  •••S.  It  Mib-efpu-ntly  appear-  thai  the  intere-t 
i-  payable  annually.  How  much,  -houiii  the  -eller  return  to 
tlie  company  >o  that  the  effective  rate  under  tlie  b(,n'l  w.ll 
remain  as  before. 

3.  Show  bv  general  reasoning  that 

(:,«_^j,j-wi  +  o-j  =  i-''" '+>,:-,-.  the  :■  and  a  functions 
being  taken  at  rate  ;. 

An  n-p^'f'^xl  '»'"''  f'""  *  ^^'''^  coujions  at  rate  j  i-  bought 
for  !+/>.  Assuming  that  the  purcha>er  write-  down  hi- 
inve-lment  each  period  by  the  exce-  intire-t  in  the  couiion. 
show  that  the  investment  yiehl  i  will  be  obtaine<l  on  =olving 
f<ir  I  the  e(iuation 

4.  A  government  is  issuing  a  loan  of  ?1. 000,1)00  bearing 
interest  at  5';  and  repayable  by  drawing-  of  ^-JOO.tHH)  at 
the  en.l  of  every  .'i  years.  A  syndicate  takes  up  the  entire 
issue  at  a  price  of  .SI, 04,") ,000.  Wh.it  rate  of  intere>t  doe-  it 
realize  on  the  investment? 

,T.  .\  loan  is  to  be  repaid  by  an  annuiis'  of  Sl.OOO  .i  year 
for  .')  year-.  Fjnd  the  amount  of  the  loan,  a— liming  th.it  the 
lender  is  to  receive  .")','  interot  over  the  whole  term,  .in<l 
can  replace  hi-  cai)ital  at  the  end  of  the  term  by  a  sinking 
fund  accumulating  at  only  '-V ', . 

I'onstruct  a  schedule  -howing  the  division  of  the  ye.irly 
pavments  into  jirincip-il  and  interest,  .md  di-cu--  the  redemp- 
tion price  just  after  the  third  p.iyment  has  been  made. 


Interest  Taoles. 


This  short  0)llfcti()n  will  serve  the  student  in  the  soluti(jn 
of  typical  problems;  but  the  tables  given  herein  must  not  be 
regarded  as  a  substitute  for  such  tables  as  those  of  Mr. 
Archer  or  Colonel  Uakes. 


Table   I. 

Amouut  of  \  :   vis.,  (l+i")". 


n 

— 

> 

11 

W-. 

\r. 

V. 

2i 

n 

I '01 000 

1-01250 

I  -0 1 500 

1-01750  i 

1  -02000 

1-02250 

I 

- 

I -02010 

1-02516 

'  03023 

■  0353'  i 

1  -04040 

''0455' 

2 

i 

I  -ojojo 

'  -03707 

1-04  56h 

■  '05342  i 

1  061 2  1 

1  -o6<)03 

3 

4 

I  '04060 

'  -05095 

1-06136 

1-07186  ; 

1-08243 

1  -09  ^o8 

4 

5 

rofioi 

1-06408 

1-07728 

1  -09062 

1-10408 

1-11768 

5 

6 

ro6i52 

>-0773« 

1  -09344 

1-10970  j 

1  - 1 26 1 6 

1-14283 

6 

7 

1-07214 

1  -09085 

I-IOQ84 

1-12912  1 

i'UMk, 

I -16854 

7 

S 

i-ob2H6 

1-10449 

1-12649 

l-14^88  i 

1-17166 

■''9483 

N 

9 

I  09369 

i-i  1829 

'■'4339 

I'i689<>  1 

1-19509 

1-22171 

9 

lo 

I '10462 

113227 

I -16054 

i'i8944  1 

1-21899 

1-24920 

10 

1 1 

I'll  567 

1  14642 

'-■7795 

I '21026 

'  '24337 

■'27731 

1  1 

1  2 

I '126^3 

1-16075 

1-19562 

''23'44 

I '26824 

1  30605 

■  2 

'J 

I  '  I  3801) 

1-17526 

'■•^'355 

I-252CK) 

1-29361 

■  '33544 

'3 

'4 

I '14947 

i-i8i)()5 

1-23176 

1-27492 

i'3">48 

■'3'>548 

'4 

■5 

1-16097 

1-204S3 

'-■250-'3 

''■!97-:3 

■'34587 

i-3<;62i 

'5 

i6 

I-.72SS 

1-21989 

1-26899 

''3'993 

■'37279 

1-42762 

16 

•7 

1-18430 

'--35 '4 

1-28S02 

1  '34303 

1-40024 

'  '45974 

'7 

iS 

1-19615 

1  -25058 

'  •3"734 

'  '3*^'53 

I  -42825 

1-411259 

l8 

■9 

I -208 II 

|-2lrf)21 

'  -3-*6<»5 

'  •3')045 

i-45t.8i 

152617 

'9 

20 

1-22019 

1  -28204 

I  -346^)) 

1-41478 

'  '48505 

I -56051 

20 

21 

I '23239 

I  -2C)8o'> 

I  -367cyS 

'  '43954 

''5'5''7 

■  59562 

21 

2i 

1-24472 

i'3i4-'> 

'-3^75'' 

'  -  >''473 

'  '545*8 

■'63152 

2i 

^3 

1-25716 

'  '33072 

I  40838 

I  -4<)03t 

i-576()o 

1  -66823 

23 

24 

1-26973 

'-■4735 

'  -4-950 

'-S'*>4-» 

I  -60844 

■  70577 

24 

25 

1-28243 

1-36419 

'  ■45o<;)5 

'  '54-J98 

I -64061 

■'744 '5 

25 

26 

I  29526 

'-3>^i^5 

1-47271 

1-56998 

'  '67342 

■  '78339 

26 

2- 

I  -30821 

'-3985' 

1-49480 

'  '59746 

1-70689 

■  '82352 

27 

28 

1  -32129 

'•4i5'» 

1-51722 

I -62541 

1-74102 

'  '86454 

28 

29 

1-33450 

■  ■433<*' 

'  -S3')98 

I  •6S3W) 

''77584 

1-9065) 

29 

30 

i-347'^5 

1-45161 

I  -56308 

1-68280 

1 -Si  136 

'  '94939 

30 

3' 

I  '3^  ■  33 

1  -46976 

'  -5-^53 

1'7I22= 

'  '84750 

'  '99325 

3' 

3^ 

■  •37494 

1-48813 

1  -61032 

1-74221 

'  '88454 

2-03810 

T.2 

33 

1-3S869 

'  •5-'<'73 

'  -6344« 

177270 

I  '^i-i^ 

2-08396 

33 

34 

;    1-4025'-^ 

'■5^557 

1  65900 

1-80372 

1-96068 

2-'3'^5 

34 

35 

I  -4  1  660 

'-544<'4 

1  -68388 

:  *'35-'9 

1  -9</j89 

2-17879 

35 

36 

"•43077 

'  -563'>4 

1-70914 

1-8674. 

2-03989  i 

2-22782 

36 

37 

1-44508 

'  •5*^349 

'-7347« 

I  -9000*) 

2  08069 

2 '27794 

37 

3S 

>  -45953 

1-603  .'9 

1  -76080 

'  '93334 

2-12230 

2;,.HJ20 

38 

39 

I -474' 2 

i'(>2?,ii 

1-78721 

i'4<'7i7 

2-16474 

2-38160 

39 

40 

I  -48886 

1  -64362 

1-81402 

2  00160 

2-20804 

2'435'9 

40 

41 

1-50375 

1-66416 

I -841 23 

2  -03(163 

2-25220 

2-48098 

4' 

A^ 

I  -5  >  ^79 

1  -68497 

1-8688; 

2-07227 

2-29724 

2-54601 

42 

43 

■  'Sj.^i* 

1  -70603 

I  -89f>88 

2-10853 

2 '343 '9 

2-60329 

43 

44 

i.';4932 

'■7-'735 

'-92533 

2-14%43 

2-39005 

2-66IK6 

44 

45 

;  i-564«' 

■-74895 

''95421 

2-18298 

2'43785 

2-72176 

45 

46 

I  -58046 

1-77081 

'  •9S353 

2-22118 

2-4N66I 

2-78300 

46 

47 

;  I  -51)626 

1-79294 

2-01328 

2-26005 

2 '53634 

2-84561 

47 

48 

!  1-61223 

'■>*'535 

2 '04348 

2-29</X) 

2-58707 

2-90964 

48 

49 

'  62JSJ3 

1  OJtXJ, 

2  u;4ij 

.  •*  3J'^4 

2  Uj'-»Oi 

■''^75'' 

4^* 

50 

1-64463 

1  86102 

2-10524 

2-38079 

2-69159 

3 '04  205 

50 

Table  I.  {continued). 

Amount  of  1  :   via.,  (1  +{)•'. 


n 

2i ; 

3; 

3i  . 

4  _ 

<*  . 

5  , 

n 

I 

lOJ^fX) 

1  'n^ooo 

1  'OlirKj 

1  ■040CK1 

1  ■045f)O 

I  -05)00 

I 

2 

roi^i'il 

1  fyitMc) 

107UI 

1     OSlfM) 

1  -0^203 

1  10250 

2 

,1 

i.o7(.s.) 

1  •rxi.'7,5 

I  •ioS7.' 

1  •124M'i 

1-14117 

'■'57''3 

3 

4 

1  •  I  o/yS  1 

II j;31 

''147.S- 

1  ■  1  >n)><u 

1-1<)2?2 

'■-135' 

4 

5 

i   13141 

'•i.i<)-'7 

|-iS7(», 

1  •2i'>65 

1-24618 

1-27628 

5 

(j 

|-|.s>/h) 

I'l'HO.i 

\':2<)2ft 

f..65,.. 

I  -30226 

1  -34010 

6 

/ 

l-lbSiHl 

rj.'i>X7 

.•.'7...H 

'■3i.i'>3 

1  -3'>oS<i 

1-40710 

i 

,S 

1  .;iS4o 

'■-'■''77 

1  W'"'*'! 

I  •.V'\=;7 

1  -4-'2  10 

■■47740 

8 

1) 

n^XHit 

'•.V>477 

1  -.^d.-.to 

'■4-331 

1  -4Milr) 

'  55 1 M 

9 

lO 

1  -iHooS 

'  ■.UJ'*-: 

1  -4 1  o«« 

I-4S024 

'  'Si-'^T 

1  -62SNj 

10 

1 1 

l-.?i-'oo 

''.5^4'? 

1  ■4i')'l7 

'  '.S.l'M.i 

1 -62285 

'■71  ".54 

1 1 

\i 

'■.U4'"^') 

■'1-57'' 

1-51107 

I  (10103 

1  •'X)588 

i-7.)5V, 

12 

1.1 

'•.57>^.=;' 

'  ■4'>><5.'! 

1  •5'',VI'' 

1  (10507 

1-77220 

1  -8851.5 

'3 

'4 

1  '41  -vi; 

'  •.=;  1  -?>') 

1  •()|K(H) 

i73'i'"'^ 

1  '■'^.Si'»4 

'  ■'»7'''i3 

'-» 

"5 

'  44^30 

'  ■557')7 

'  ''753.1 

I  ■So<x)4 

'  •'«.=;■!>< 

2-o7S.)3 

'5 

I') 

'•4''^4.S' 

1  •(>047 1 

'  '73.VI') 

1  •872<>S 

2-02237 

2-18287 

16 

'" 

1  ■S-'Ki-' 

1  •'i.S-'S^ 

I '71)4')^ 

1  ■Q47'i<i 

■'•".VV^ 

2-2C)202 

'7 

!>> 

I'S.^t'''' 

i7"-'4.! 

'■*',S74') 

■:025s  J 

2-20S48 

2  ■40'.<.2 

18 

") 

'•yi^i'.S 

'■75,'5i 

r()iJ5o 

2  •  I  o<)S5 

2-30786 

^•5-'''<)5 

"9 

JO 

I  fa.vsoj 

1  'Sutyt  1 

1  •c>8'»7ij 

i'lOi  1  2 

2-41171 

2-65330 

20 

J  I 

'  ■''7').S-'^ 

rSi.o.',, 

^■o.>')43 

2-27S77 

2   52024 

2-785./. 

21 

2i 

'■7 -'1.^7 

1  'C)!*)!!) 

j-1.1151 

2-3f)<).,2 

-■''336.S 

2-1)2526 

22 

■JJ 

1  '-(lidl 

1  ■'17.1.S') 

-••jodl  1 

2  ■41.472 

'■7.S-''7 

3^o7i5-' 

^3 

-'4 

i-J<oS7-, 

J-o;,j7,, 

•J  ■-''^333 

-•■.S''33" 

iSy(Kii 

3-22510 

■24 

*.T 

■■•\iVH 

.••C»U7>S 

^■.'t''3-!4 

2(yi5S4 

3'o<-i543 

3 '.58035 

'5 

J() 

1  •t)^oJl| 

-'•IS'15') 

2-445<)'> 

■277J47 

3- 14068 

3'55.S<>7 

26 

*7 

|->M7~^o 

Jjjijil 

-■531. =.7 

2SS3-,7 

3-28201 

3  ■7334'' 

^7 

jS 

1  'O'lOS   ' 

•!--'-^7'U 

2bJoi7 

2-ic»S7o 

3^4-">7" 

3  ■'»■:"  13 

28 

JO 

J -041,41 

-M=i''i7 

-'•71  iSS 

3'' 18(15 

3^.S84"4 

>-ii6i4 

■=9 

3t> 

^■o^j7?7 

-••4 -•7-" 

.■•.'50()7I) 

3  •-•4340 

3-74.S3-; 

4  3-!  194 

30 

.1'      ' 

J'ljCOl 

2*5o,>{.  S 

J  •1(050.1 

3373 13 

3'4i.;86 

4  ■53''^04 

3' 

J-'     ' 

2'2o,;7i) 

-•■57.v'-^ 

Vot)(>7i 

3'SoKfW) 

4-(iS<)<)8 

4"7''4'')4 

3^ 

}.\     ' 

.  ,  ;,SS5 

-•■'■5-'.U 

31  1  11)4 

3-''4\-,8 

4'-74"3 

5-00319 

M 

M     i 

i  \, '-■>:>- 

-■  7.il'»l 

.r-'-'oMi 

3'7'M3^ 

4^46636 

5  ■-•5335 

34 

.vi   ; 

•2  ■.57.!-' 

J  Si, •,-<■> 

3'333.S't 

3-0)()O.) 

4  ■'-"735 

5-5i(>o2 

35 

X' 

•^•4.i-'.S4 

j-S)S..y 

3'4.i"-7 

4''".i'13 

4^**7738 

5-79182 

3<^ 

.57 

-'■4'M.?.=; 

^-..^^  '! 

3'.i7i"3 

4'2«kSo<( 

5o<)»i86 

6  -08 1 4  1 

37 

.l!* 

J'.^.i.S')'"^ 

.V<-7';^ 

V'l  l*>ol 

4-43''<8i 

S^-'fiJ-' 

^'■3«54« 

3« 

.!'» 

i -6 11)57 

.n''/v> 

3'''^-'.i37 

4»"637 

5'.S65'K> 

''■70475 

39 

40 

j'()«5o() 

.V -•''-■  04 

.VOj'l^fa 

4-80102 

5  -8 1 636 

7  o}'m 

40 

41 

J  75.' 10 

.V.VvX»o 

4'<»7''^3 

4■<y■)^o(^ 

6-07810 

7'39i<19 

41 

4-' 

J•^.'loo 

.V4'io7o 

4-'4'-'<' 

5-11)278 

6-35162 

7'7'".S9 

4- 

4J 

J-SM5-' 

,V,i045.- 

4'3'^')7o 

5-40050 

''>'''3744 

8-14.^,7 

43 

44 

J-ii'ilSi 

.V''7i  t.i 

r543.>4 

5-6  i^S^ 

6-1)3612 

^■.v57>5 

44 

4,S 

.rcM7')o 

J  7.Sito 

4-70236 

5-841  IS 

7^-'4«-!5 

8-98501 

45 

4'> 

.V'".?S.S 

.?  Sr)504 

4  86604 

6-07482 

7'5744-2 

9'434.J6 

46 

47 

.VI9I70 

4  'o  1  u>o 

5.0,1728 

6-31782 

7^'»i.SJ7 

9-90597 

47 

4^ 

.'•■27'4') 

4''.?-'i:; 

.S'JI3V1 

6  •57053 

8-27146 

10-401 27 

48 

4^1 

.rj.s.^^ 

4-J5()-'j 

y,W^oh 

''■83335 

8-<'4.5<>7 

10-92133 

49 

50 

J'4j7" 

4'3*'.)9i 

5'5«493 

7-10668 

q-03264 

1 1  -46740 

50 

Table  II. 
Present  Value  of  1  :   vis. ,  v" . 


n 

1% 

W: 

H 

li  . 

•98280 

2  = 

■9.8039 

■978.10 

n 
1 

1 

•q<)Oio 

•987f>5 

■0><522 

1 

•(^so  ,o 

■97  54*' 

■i)7>><i<) 

•q»)5c)0 

■•I'll  17 

•'15''47 

- 

3 

'97<'59 

•y,.UJ 

■>»5''3- 

•94'»^;9 

■94-' 3-: 

•''35  t  ■> 

* 

4 

•^)^~«^■^ 

•''5 '.I-' 

■9421S 

•93-')'' 

■'12  3^5 

•914^* 

» 

5 

•95 '47 

■9397** 

•92820 

■91»K)I 

■'CJ573 

■^)4  7' 

•■' 

f) 

•94-205 

•428 17 

■91454 

•i)Oii4 

■8h797 

■.S75..2 

'' 

- 

■93-' 7- 

■cjiO;.' 

•90103 

•S8  504 

■871150 

•■■"5577 

8 

•9''34'* 

•90540 

■8N77I 

•87041 

•85349 

■8,;' » !  \ 

9 

•'11434 

•8<14J2 

•87459 

■85544 

•83O7O 

■>i-^  ;2 

' ' 

lO 

•905-9 

■88318 

•80lb7 

■84073 

■82035 

■No.'>5 1 

■  ' 

1 1 

■ii^p:^2 

•S7..JS 

■84SQ3 

•82027 

•80420 

•7^2•■, 

)   ! 

11 

•!->745 

■80151 

83'>39 

•81206 

■78>49 

•7'VV'7 

'  -^ 

13 

•87hb<) 

•^5087 

•82403 

•7<)8o<i 

77303 

•  7  »•''■■"-■ 

1  3 

14 

■Mv)'>'> 

•>*4037 

•8  1  1  85 

-  ■43" 

75788 

•73-34 

1  1 

'5 

•8b  135 

•8ji»<:) 

■7'>*>85 

■77087 

■74301 

■7.023 

'5 

lb 

•h^l^l 

■81975 

•78803 

■7576-' 

■7''845 

■70047 

r> 

17 

•844  3« 

■8o.K>3 

■77''39 

■74459 

•71416 

■OS  505 

t  7 

18 

•bj'w- 

■7'>»"3 

•70401 

■73-78 

■70016 

.(jO<K)8 

1  ■• 

<9 

•«.:774 

•78->7'> 

■753<Ji 

■711119 

■08<J43 

•''.-5-'3 

1') 

20 

■S'954 

•78001 

■74-47 

•70082 

•6721)7 

■640-2 

2U 

21 

81143 

■77038 

■73150 

•6<)4'''7 

•65978 

■f)2072 

2  1 

12 

■80340 

■70087 

■72tx«) 

•68272 

•04<.84 

■0l.'.|2 

•'* 

li 

•79544 

•75'47 

■7 1  cx)4 

■67098 

•634.6 

■5'M*4 

-'3 

lA 

*7^7  J7 

•74220 

•(«)954 

■^5944 

•62172 

■58<j25 

■=4 

^S 

•77977 

•73303 

•b8<>2 1 

•64810 

■60953 

■57335 
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